Unit.3. Classification of Random Processes

UNIT - 11l RANDOM PROCESSES

PART - A

Problem 1. Define | & Il order stationary Process

Solution:

| Order Stationary Process:

A random process is said to be stationary to order one if is first order density function
does not change with a shift in time origin.

e, fx (x:t) = fx (xutr+8) forany time t; and any real numberg .
ie. B[l x (1)) =x =
Constant. |1 Order Stationary
Process:

A random process is said to be stationary to order two if its second-order density
functions does not change with a shift in time origin.

i.e., fx (Xl, X2 :tl,tz):fx (Xl, Xo :t1+8,t2 +8) for all f, B and @ .

Problem 2. Define wide-sense stationary process
Solution:

A random process X (t) is said to be wide sense stationary (WSS) process if the
following conditions are satisfied
(i). EH X (t)“ = i.e, mean is a constant
3
(ii). R(t)= EH X(tl)x(tz]“ i.e., autocorrelation function depends only on the time
difference.

Problem 3. Define a strict sense stationary process with an example
Solution:

A random process is called a strongly stationary process (SSS) or strict sense
stationary if all its statistical properties are invariant to a shift of time origin.

This means that X (t) and X (t+2 ) have the same statistics for any [ and any t
Example: Bernoulli process is a SSS process

Problem 4. Define n'" order stationary process, when will it become a SSS process?
Solution:

A random process X (t) is said to be stationary to order nor n" order stationary
if its n order density function is invariant to a shift of time origin.
e, fx (X1 X2, Xyt tosntn ) = Fx (X0 Xy X, i +8, 82 48,10 468 ) for all
t,t,..t. & h.
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A n'" order stationary process becomes a SSS process whenn — oo,
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Problem 5. When are two random process said to be orthogonal?
Solution:

Two process {X(t)} & {v(t)} are said to be orthogonal, if

E{X (t)Y(t)}=0.

Problem 6. When are the process {X (t)} & {Y(t)} said to be jointly stationary in the

wide §ense?
Solution;

Two random process {X (t)} & {Y(t)} are said to be jointly stationary in the
wide sense, if each process is individually a WSS process and R, (tl,tz) is a function

of (t2-t1) only.
7. Write the postulates of a poisson process?
Solution:

If {X (t)} represents the number of occurrences of a certain event in (0,t) then
the discrete random process {X (t)} is called the poisson process, provided the
following postualates are satisfied

(i) P[l occumence in (t,t+ At]l = 1t +o(4t)

(ii) P[no occurrence in (t,t +At]] =1-Mat +o(4t)

(iii) P[Z or more occurrences in (t,t +At]] =1t +o(it)
(iv) X(t) is independent of the number of occurrences of the event in any interval prior
and after the interval (0,t).
(v) The probability that the event occurs in a specified number of times (to,to +t)
depends only on t, but noton t;.

8. When is a poisson process said to be homogenous?
Solution:

The rate of occurrence of the event A is a constant, then the process is called a
homogenous poisson process.
9. If the customers arrive at a bank according to a poisson process with a mean rate of 2
per minute, find the probability that, during an 1- minute interval no customer arrives.
Solution:
HereA=2, t=1

~P{X (t)=n}= % N=01,2,.

Probability during 1-min interval, no customer arrives = P{X (t) = 0} =e?,
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10. Define ergodic process.
Solution:

A random process {x (t)} is said to be ergodic, if its ensemble average are equal to
appropriate time averages.

11. Define a Gaussian process.
Solution:
A real valued random process {X (t)} is called a Gaussian process or normal

process, if the random variables X (1), X (t2),... X (t») are jointly normal for every
n=1,2,... and for any set of t,t,,...

The n' order density of a Gaussian pr[ocess is given by ]
1 n n
f (X1 Xaron Xnit byt ) = exp| - AL (% -m )% - |
penawa I L

Where 4 =E{X(t)} and A is the n"™ order square matrix ()\ ) where
iij=CﬁX(ti),X(tj)} and || =Cofactor of 4; in  [A].

12. Define a Markov process with an example.
Solution:

If fort, <t,<t;<..<t, <t,
P{X (t) X/ X (t.) = %, X (t) = Xpyos X (t,) = X, } = P{X () <X/ X (t,) = %, }

then the process {X (t)} is called a markov process.
Example: The Poisson process is a Markov Process.

13. Define a Markov chain and give an example.
Solution:
If for alln,

P{Xn = ay [ Xp-1 = ape1, Xp-2 = 8p-2,..X0 = aO} = P{Xn =ay [ Xp1 = an—1} )
then the process Ix,}, n=0,1,...is called a Markov chain.
Example: Poisson Process is a continuous time Markov chain.

Problem 14. What is a stochastic matrix? When is it said to be regular?

Solution: A sequence matrix, in which the sum of all the elements of each row is 1, is
called a stochastic matrix. A stochastic matrix P is said to be regular if all the entries of
P™ (for some positive integer m) are positive. \

|
Problem 15. If the transition probability matrix of a markov chain is 1/||find the

2

N = o

steady-state distribution of the chain.
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Solution:
Let n=(n,1,) bethe limiting form of the state probability distribution on

stationary state distribution of the markov chain.
By the property of m) mP =m

‘ 0 1
R N
2 2
2“2 L (1)
1
T[l+ ET[ 2 =My ====== (2)

Equation (1) & (2) are one and the same.
Consider (1) or (2) withm, +m, =1, since m is a probability distribution.
m+m,=1

. 1
Using (1), 71, v, =1

3112_1

22

=

I 2 1

T=l-1 =1- =

1 2 § §
1 2

T[2=1_T[1 =1_ §= 5

T[=1_&T[ =2._

13 23

PART-B
Problem 16. a). Define a random (stochastic) process. Explain the classification of
random process. Give an example to each class.

Solution:
RANDOM PROCESS

A random process is a collection (orensemble) of random variables {X (s,t)}that are

functions of a real variable, namely time t where s@S (sample space) and tI T
(Parameter set or index set).

CLASSIFICATION OF RANDOM PROCESS

Depending on the continuous on discrete nature of the state space S and parameter setT ,
a random process can be classified into four types:

(). It both T &S are discrete, the random process is called a discrete random sequence.

Example: If X, represents the outcome of the n'toss of a fair dice, then {X a2 1} is a

discrete random sequence, since T =11,2,3,...} and S =11,2,3,4,5,6}.
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(if). If T is discrete and S is continuous, the random process is called a continuous
random sequence.

Example: If X represents the temperature at the end n"™hour of a day, then
{Xn Jl<n< 24} is a continuous random sequence since temperature can take any value is
an interval and hence continuous.

(iii). If T is continuous and S is discrete, the random process is called a discrete random
process.

Example: If X (t) represents the number of telephone calls received in the interval (0,t)

then I X ()} random process, since S =10,1,2,3,...}.

(iv). If both T and S are continuous, the random process is called a continuous random
process f
Example: If X (t) represents the maximum temperature at a place in the interval (0,t)

I X (1)} is a continuous random process.

b). Consider the random process X (t) =cos(t+¢ ), where ¢ is uniformly distributed in

. T T
the interval - 5 to— . Check whether the process is stationary or not.
Solution: T
Since 0 is uniformly distributed in™ - ,

/ ( 2 2)

=
=

_{cos(uo). 1d0
- / - /

cos(t+0)d 0o/

1
S ol

I

sin(t + M] 2

2

cost £ Constant.

:'|N='_|_'—‘N

Since E[

)]

process.

—

X(t is a function of t, the random process ?X(t)} is not a stationary
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Problem 17. a). Show that the process Ex(t)} whose probability distribution under

certain conditions is given by P{X (t)=n} =] 1+ at] is evolutionary.
| at
| n=0
1+at
Solution:
The probability distribution is given by
X(t)=n = 0 1 2 3
2
1 at at
P(X (9=1) - 2

l+at (1+at) (1+at) (1+at)

o]

E[[X(t)“ =Z:npn

1 2at 3[at]2

(1+ at)gr (1+ t)at F1+a)
l

aplal.)

+..

4

1+ at

—

02

_ poat |
(Lra) * 'l

el x (1)) ] =1=Constant
el x2(0)] {anpn
i (at)™ =E{ (n+1)- n\

'337\)

n-1

E[[ X? (t)J] =1+ 2at # Constant
Vari X (t)} = E[X?(t)1 'E(X (1))

ﬁ P I
Var] X (t)} = 2at

~The given process! X (t)} is evolutionary
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b). Examine whether the Poisson process {X (t)} given by the probability law

e (it)"

P{X (t)=n}=
Solution: )
E[[X(t)“ =Ynp,

- ”%“ ()’

:Z;n n!
© et(it)'
- ()"

= (It)e-t —
Zrzl () \‘

=()\t]e‘“‘1+ o+ +..
|2 ]

,n=0,1,2,... is evolutionary.

n!

Constant.

Hence the Poisson process {X (t)} is evolutionary.

Problem 18. a). Show that the random process X (t) = Acos(wt+6) is WSS if A & w

are constants and 0 is uniformly distributed random variable in (0, 211) .

Solution:
Since 7 is uniformly distributed random variable in (0, 2m )

(1

f(9)= |21T_,0<0<2T[
0 , elsewhere
E|X ()] = [ X (1) f (3) b

0
n

= [ —Acos (wt +6)db
2n

0
n

=A[ cos (wt +0)db

21 )

=A[sin[mt+9]]2]I
21 0
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:Asinw+n—sinwl
an (ot +21) = sin(ot)] |

:ﬁlsin[wt]—sin(wt]l [i sin(2n +0) :sine]
el x(@l] =0
Rex (tut) = E X (1) X ()]

= El| Acos (wt l+9)cos(u>t +29]]J

_ AZE[(I:OS(w(tl+t2]+29)+cos(w(tl_tz]ﬂ

ll[ 2 |

AZZT[
= ?LZ?['cos[w[tﬁtz)+ 2)+cos(o(t, ~t,))) d

_A_ZSin[‘”[tl’LtZ)J’ze]*e coswtﬂmI
Cdm|| 2 |

0

2

= 7coswt =a function of time difference

since EI | X (t)] ] = constant
Rxx (t1,t2) =a function of time difference
~{X (t)}is a WSS,

b). Given a random variable y with characteristic function ¢ (w) = E (e‘wy) and a random
process define by X (t) =cos (At +y), show that {X (t)} is stationary in the wide sense
ifg(1) =9 (2) =0.
Solution:
Given 0(1) =0
= E [cosy +isiny] = 0

~E[cosy] = E[siny] =0
Also g(2)=0
= E [cos2y +isin2y] =0

~E [cos2y] = E[sin2y] = 0

E{X (t)} = E[cos[kt + y]]
= E [cosAtcosy - sinAtsiny]
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= cosht E [cosAt] - sinAt E [siny] = 0
Rex () =E X (t) X ()]

= E|cos 1ty + y)cos it + y]]
cos (1 (t, +t,) +2y) +cos i (t, —tz]ﬂ

=E

ey e
et )+2y) +eos(A(t-t ))!]
2 1 2 1 2

:lE[cosk(t +1t Jcos2y —sin (t +t )sin2y +cos(l(t -t ])]J
1 2 1 2

1 2

CosA (t +t )E(cosZy)—lsin)\(t +t )E(sin2y)+1cos()\(t -t))
12 E 12 E 12

cos (A (t -t )) =a function of time difference.
1 2

N PN RO

since E | X (t)J] = constant
Rxx (t1,t2) =a function of time difference

~{X (t)} is stationary in the wide sense .

Problem 19. a). If a random process {X (t)} is defined by {X (t)} =sin(wt+Y) where

Y is uniformly distributed in (0,21 ) . Show that {X (t)} is WSS.
Solution:
Since y is uniformly distributed in (0,2m ),

1
()= 5 0<y<m
2n

el =[x @ F(»)a

J. sin (wt + y) dy
= [—cos (ot + y)]

21 0

= —Llcos[mt+2n) —cosu)t} ]=O

2m
Rxx (2] = E[sin[mtl +y)sin (ot + y]]
[cos[u)[t1 ~t,)) - cos(w(t +t,)+ ZyN

: h

l ]]]—lE[cos(m(t +t)+2y]]J

= lE[cos[u)[t -t

[)&)
‘H:I|H

2n

=E

10
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cos (0t —t,)) - ;ﬂ:os(w(tl +1,)+2y) —1er
1O[sin(w(t +t )+2y) '

= cosfo(t -t))- | |

1 2

R N e

2 4| 2 I,
= lcos(m(tl—tz]]—j[sin(m(t +t 2)+2ﬂ)—sinw(tl+t Z)H

2
1

cos (o (t-t ))is a function of time difference.
1 2
{x (1)} is wss.

b). Verify whether the sine wave random process X (t)=Ysinwt, Y is uniformly

distributed in the interval (21,1) is WSS or not
Solution:
Since y is uniformly distributed in(21,1),

1
f (y):_, -l<y<1
2
1
E[X®] = [ X® (ay
1_1 1
= Lysinwt Edy
sinwt *

=— Lydy

_ Sinwt (0) 0
2
R (tnt) =E X (1) X ()] ]
= E[[ yisinwt sint ]ZJ
_ 2 €0S0 (t =tz ) = cosw (ty +t; )]
E[ y ) ]

_cosw (ti-t;) -cosw(ti+t) yz)

cosw (t -t ]—zcosw(t +t ) !

_ 1 2 1 2
= ’ V()
cosw (t -t ) -cosw(t +t ) 1!
_ 1 2 1 2 J.yzdy
2 2

-1

12
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cosw (t —t ) —cosw(t +t ](y3 \l
1 2 1 2

PRI

_coso (ty = t2) - cosw(ty +1; )

) 6
Rxx (ti,t2) 2 a function of time difference alone.
Hence it is not a WSS Process.

Problem 20. a). Show that the process X (t) = AcosAt+BsinAt(where A & B are
random variables) is WSS, if (i) E(A)=E(B)=0 (i) E(A?)=E(B?) and (iii
E(AB)=0.
Solution:
Given X (t) = AcosAt + BsinAt ,E(A) =E(B) =0,E(AB) =0,
E(A?)=E(B?) =k(say)
EN] X ()] = cosht E (A) +sinit E (B)
El| x ()] =0=isaconstant. 1 E(A)=E(B)=0
R(t.t,) = E{X (L)X (tZ)}
= E{( AcosAt, + BsinAt, ) (AcosAt, + BsinAt, ) }

= E( A% |cost gosAt + E (82 )sin?\t simt + E ((AB) [sinAt cosht , + COSAt simt ],
= £ ( A Jcoshtcosht + E (B2 )simdtsinkt + E (AB)sink (t +t )
1 2 1 2

1
=k (cos)\tlcos)\tz + sinAtlsinAtz)
= kcosA (tl - tz) =is a function of time difference.

X (1)} is wss.

b). If X (t) =Ycost + Zsint for all t & where Y & Z are independent binary random

variables. Each of which assumes the values — 1 & 2 with probabilities 2§ & l§

respectively, prove that {X (t)} is WSS.

Solution:
Given
Y=y : 0O1

P(Y=y) :

W N

13



Unit.3. Classification of Random Processes

E(Y)=E(z)=-1:2+2:1 =0
3 3
E[Yz]:|5[22):(—1]2x2§+(2)2x1§
2 4 6
E(v2)=E(z? = 5 =5 =2

Since Y & Z are independent

E(YZ)=E(Y)E(Z)=0-—(1)

Hence E| X (t)J] = E [ ycost + zsint
= E [ y]cost + E [z]sint

Ell x ()] =0=isa [ E(y)=E(2)

constant.
Rxx (tl,tz) = EH X (tl) X (tz

)

=g|[ (ycost; + zsint; ) (ycost, + zsint, )] |

E
el
ost

(@]

= E ((y? ) cost, cost, + E [ yz]cost,sint, + E[zylsint,cobt, + E [z ]J sing sint

=E (yz)costlcost +E (22) int sint ,
el -elr)-2

= 2C0s (tl - tz) = is a function of time difference.

= 2[cost cost + sint sint |
1 2 1 2

X ()} is wss.

Problem 21. a). Check whether the two random process given by
X (t) = Acoswt + Bsinwt & Y (t) = Bcoswt - Asinwt .

jointly WSS if A & B are uncorrelated random variables with zero mean and equal
variance random variables are jointly WSS.

Solution:
Given E(A) = E(B) =0
Var(A) =Var(B) =0’

~E(A?) =E(B?) =0

As A&B uncorrelated are E(AB)=E(A)E(B)=0.

El| (t)J] = E[ Acoswt + Bsinat
= E(A)coswt + E (B) sinwt =0
El] x ()] ] =0=is aconstant

Rue (tut) = EL I X (1)) X ()]

| ycost , + yzcostsint, + zysint,cost, + z’sint sint JJ

14

Show that X (t) & Y(t) are
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= E|(Acoswt; + Bsinwt, )(Acoswt, + Bsinwt; ),

15
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= E! A%coswt coswt + ABcoswt sinwt + BAsinwt c?oswt +B sinwt sinwt
= cobwt coswt E'A% + coswt sint E[AB]+ sinwt coswt E [BAf+ sinwt sinwt E'B |
=1 [coslwt foszmth;+ sinwt slinvlvt 1 2 l 2 o
=0 cosw(t It ), [ E(A?)=E(B?)=0"&E(AB)=E(BA)=0]
Rxx (t.t2) =is a function of time difference.
E[Y [t]] = E[Bcosut — Asinut|
= E(B)coswt - E (A) sinwt = 0
Rw (tutr) = E [ (Bcoswt; - Asinwt; ) ( Beoswt; - Asinwt, )] |
=E [ B2cosnt cosut , — BACOswt sinwt - ABsinwt c?0swt , + A sinwt sinwt LJ
=E (B2 )coswt goswt , - E (BA)coswt sinwt —,E (A?B) sinwt coswt +E (A )sinmt sinot
=0cosw (t -t) [ E(A?)=E(B?)=0"&E(AB)=E(BA)=0]

Ryy (t1,t2) =is a function of time difference.
Ruy (tut2) = E[| X ()Y ()] ]
- El | (Acoswty + Bsinwt, ) (Beoswt, + Asinwt, )] |

-l ABcosw} coswt,~ Acoswt sinwt , + Bsinwt goswt , — BAsinwt sinwt LJ
=0 ° [sinwt coswt - coswt sinwt |

oo (t-t) El(A2)2=E(Bz)=02&E(AB)=E(BA)=O]

Ryy (tl,tz) = is a function of time difference.

since {X (t)}& {Y (t)}are individually WSS & also Rxy (ti,t;)isa function of time
difference.

The two random process {X (t)}& {Y (t)}are jointly WSS,

b). Write a note on Binomial process.
Solution:

Binomial Process can be defined as a sequence of partial sums IS, /n=1,2,...} Where
S,= X, + X, +..+4 X, Where X, denotes 1 if the trial is success or 0 if the trial is

failure.
As an example for a sample function of the binomial random process with

(%, %,..)=(11,0,0,1,0,1...) is (s,,S;,Ss,...) = (1,2,2,2,3,3,4,...), The process increments
by 1 only at the discrete times t t, =iT , i=1,2,...

Properties
(i). Binomial process is Markovian

16
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(i)). S, is a binomial random variable so, P(S, =m)=nC ,p"q"@", E[S,]=np&
var[S,]=np(1f p)

(iii) The distribution of the number of slots m, between i" and (iﬂl)th arrival is
geometric with parameter p starts from 0. The random variables — m,, i=1,2,... are
mutually independent.

The geometric distribution is given by p(12 p)",i=1.2,...

(iv) The binomial distribution of the process approaches poisson when n is large and p
is small.

Problem 22. a). Describe Poisson process & show that the Poisson process is Markovian.
Solution:

If {X (t)} represents the number of occurrences of a certain event in (0,t) then
the discrete random process {X (t)} is called the Poisson process, provided the
following postulates are satisfied

(i) P[l occumence in (t,t +At)] = It + o (At)
(ii) P[no occurrence in (t,t +At)] =1- 1t +o0(At)
(iii) P[Z or more occurrences in [t,t+At]] =o(4t)
(iv) X(t) is independent of the number of occurrences of the event in any interval prior

and after the interval(0,t).

(v) The probability that the event occurs in a specified number of times (to,to +t)
depends only ont, but not onty .

Consider

CPUIX (1) = X () = X () =

[1x =n
F(’tlx /X(t)=nz,x[tl]=n)“_ P\X[t)=n,x(t]=nj

3 3 2
1 2

ey (e, U B e
n!(nz = ny)!(ns = ng )!
_eemn(t, -t
n!(nz - ny)!
_ g lbt)ymn, {3 — by,
(ns -n;)! ’
PIX (t =ny/ X (t,) =n, X (1) =n,)| =P[X () =/ X (t,) = 1,
This means that the conditional probability distribution of X (t;) given all the past

values X (t.) = ny, X (t2) = n, depends only on the most recent values X (t,) = n,.

17
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i.e., The Poisson process possesses Markov property.

b). State and establish the properties of Poisson process.
Solution:

(i). Sum of two independent poisson process is a poisson process.
Proof:

me moment g zfttlng function of the Poisson process is

(u)= E'e
TN
=0 e"PIX (0)=x
x=0 . X
' e (1)
_.eux
i}
th4
[
[

1) L

1! 21

1t qitet

g

1(ea)

=€

x(t) (U) =e
Let X;(t) and X (t) be two independent Poisson processes
EITheir moment generating functions are,

(e 15t(e"11)
Mxl(t)(u)—e and M ()(u)—

Mo (W)= My g (WM o (1)

_ gileg) (e

— olartax(eny
ABy uniqueness of moment generating function, the process X1 (t)+ X2 (1)} isa
Poisson process with occurrence rate ({1 +12) per unit time.

(ii). Difference of two independent poisson process is not a poisson process.
Proof:

Let X (t) = X1 (t) - X2 (t)

E{x(t }=E{>< ()} - E{x: (1)}
= (h =1,

E{x? t)} Xl(t)}+E{X22(t)}—ZE{Xl(t)}E{XZ(t)}
=(Azlt2+At)+()\2t22+)\t)2—2[)\t)()it) )
=(A+2 )t+(A -2 )t

2

t(h-A)t+ (-2 )
1 2 1 2

Recall that E{X 2 (t)} for a poisson process {X (t)} with parameter A is given by

18
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E{X?(t)} = A+
=Xy (t) = X2 (t) is not a poisson process.

(iif). The inter arrival time of a poisson process i.e., with the interval between two
successive occurrences of a poisson process with parameter A has an exponential

distribution with mean ~_.
A
Proof:

Let two consecutive occurrences of the event be E; & E,,;.
Let E;, take place at time instant t; and T be the interval between the occurrences of E,
Ei+l-
Thus T is a continuous random variable.
P (T >t) = P{Interval between occurrenceof E; and E;.; exceedst}
= P{Ei+l does not occur upto the instant (ti + t)}
= PINoevent occursintheinterval (t,,t +t)}
=P{X (t) =0} =Py (1)
- e—/\t
~The cumulative distribution function of T is given by
F(t)=P{T<t}=1-e"
~The probability density function is given by
f(t)=le", (t20)

Which is an exponential distribution with mean 1_
1

Problem 23. a). If the process {N (t) t2 0} is a Poisson process with parameterA ,
obtain P[ N(t) = n] and E[ N [t)] :

Solution:
Let A be the number of occurrences of the event in unit time.

Let P, (t) represent the probability of n occurrences of the event in the interval (0,t).
ie, P, (t)=P{X (t)=n}
P, (t+At) = P{X (t+At) =n}

= P{n occurences in the time (0.t + At)}

n occurences in the interval (0,t) and no occurences in (t,t+ At)or
= P'|n—1occurences in the interval (0,t) and 1 occurences in (t,t +At)or
| n—2occurences in the interval (0,t) and 2 occurences in (t,t+4t)or...
=P, (t)(l— Mt) + Py (t)Mt +0+...
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n—l

QCDEACITANORAG!

Tdaklng the I|m|ts as At@ 0

P ()= A{P (t)-P(t)} ------- 1)

'Iqrfls is a linear differential equation.

1P (t)e'= jkpn_l (t)et 2)
Now taking tr;):lwe get

ePy(t) = A[ P, (t)eldt ---memmmemmeem- A3)

0
Now, we have,

R (t+0t)=P'0 occurences in (0,t+0t) ,
= P|0 occurences in (0,t) and 0 occurences in (t,t +1t)
=Py (t)[10 0 t]

Po(t+2 1) Po(t)=I Po(t)(20 1)

Po(t+2 1)1 Po(t) .
_ 0P (1)

Taking limit T t2 O
Lt Po(t+t)8 Po(t)_P (1)
lt @0 @t
0()-I 1ap (t)
Cdt
P, (1) _
Po(t)
log Py (t) =00 t+c
Po (t)= eﬁ§t+c
P, ()=t
P (t)=e'A 4
Putting t = 0 we get
P, (0)=e’A=A
e, A=1
(4) we have
Po(t)= el
Elsubstituting in (3) we get
t

20dt

e“P(t):ﬂ ettt

0
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t

=1 dt=0t
0

P(t)=et
Similarly n = 2in (2) we have,

t
Pt =1 P (t)erdt
tO
=1 eviteldt
0
2] t%

It

P (et = & (1)’
2 2!
Proceeding similarly Weehgﬁtjn general

Pn (t) = P{X (t) = n} = nl y N = 0111---
Thus the probability distribution of X (t) is the Poisson distribution with parameter At .

el x (@] =n.

.b). Find the mean and autocorrelation and auto covariance of the Poisson process.
Solution:

The probability law of the poisson process {X [t)} is the same as that of a poisson
distribution with parameter At

el x ()] =mZnP(X(t)=n)

o gt (1t)"
) nZ " n!
= ()"
=eYy, (n-1)!
=te " "

el x ()] =

Var| X [t]} = E[XZ['[]] ~E|X (t)lz
E{xz(t)}=in2P(X(t)=”)

= Z (n2 -n+ n) _LLe-“n?t

n=0
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et (At) o et (1t)'

Z:On(n -1) Z;n o

ZOH(F -1) _mt] + X

:e*“‘ [}\t] +Ut) (M) +..J+)\t
|1 1! 21 ]

= (i) e-ltel + It

= ()" +1t
E{X2(t)} =At+2%
'Var[[X()]J = Mt
Roc (tt:) = E{X () X (&)}

BN
{:X ﬁE (-1t ]Jl[l(g}l)J]

Since | &)} is a p ess of lndependent increments.
-t) +M +?\t if t >t (by - (1))

1 1 2

=\t +7\t |ft 2t
R (tt) At +Amm(tt)

XX 12
Auto Covariance

Cx (tt) = Rex (bt ) = E{X ()} E{X (t,)}
=Mt -2t

12
A, if t, 2t
= Amin (tl,tz)

Problem 24. a). Prove that the random process X (t ) = Acos(w t+ 6 ) . Where A, w are

constants 0 is uniformly distributed random variable in (0, 211) is ergodic.

Solution:
Since 6 is uniformly distribution in (0,21 ) .

1
f(0)= ., 0<0<2m
(6)= -
Ensemble average same,

n

E[X[t]]=[02;ees[mt+9)d6
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n

[ (cosutcos) - sinut sirf ) df
0

= §||—\

2?[cosmtsme + sinwt cose]
= 2% [sinwt - sinwt] = 0

el x(@l] =0

Rex (tut:) = E X (1) X ()] |

= E[cos[mtl +) cos (wt; +e)]
E[cos[mt +ot +20) +cos (ot —ot ﬂ

[EN

E 1 2 1 2
lznil t+ot, +20) - uty )| df
5[211 cos (wty +ot, + 2) + cos (wty, -t )
O[sm(mt +ot +2)+bcos(o(t -t ) z
- 2 1 2
2
| 0
41'[“
=2—ncos(u>(t -t))
1 2
41'[1
R (t,t)="cos(w(t -t))
XX 1 2 2 1 2

The time average can be determined by

lim 17
x(t) =
T w37 Lcos (0t +0)dt

- lim 1|[sm[mt+9ﬂ|
T-02T-

| | .
_ im Lsm[u)T+6)—sin[—u)T+eﬂ |
T—>002Tw

X (t)=0[As T-> o]
The time ayto correlation function of the process,

T—>002?_T

os(mt+e)cos(mt+u)r +e)dt

lim 1 Tlcos(wt+wr+2))+ cosur ‘
| 2 |

(]
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_ lim 1|[Sin[2wt+wt+26) r
T - 0 4T 2 +tcosu>t|J
-T
:Tll)mooﬁ[ sm(2wt+wt+26]+sg(1£—2wT +‘”T+26ﬂ+2j'coswt
_ cosu
2

Since the ensemble average=time average the given process is ergodic.

b). If the WSS process {X (t)} is given by X (t) =10cos(100t +8 ) where 8 is uniformly
distributed over (-1,1) prove that {X (t)} is correlation ergodic.
Solution:

To Prove {X (t]} is correlation ergodic it is enough to show that when
Lt 1

T —>002?_LX [t]X (t H]dt = Rxx (T)
R (1) = E[ X (1) X (t +1)]
= £[10.cos (100t +)10cos (100t +100: +5))]
| cost (200t +100; + ) + cos (100:) | | }

’ )
1
=50 - —[cos (200t +100: + 2) + cos (100 )|

_ 50{ sin (200t + 100 + 2) I
2 2 +Gcos(100r]\

| L.

Rxx (1) = 50c0s (100r)
Lt~ 17

= E [100]|

Lt 17
o iTilocos (100t +5)10cos (100t +100: +4)| dit

Lt 25
T Ucos(ZOOt +100: + 20) + cos (1001 t

Lt 25/ sin(200t +100 + ) \
T 200 +tcos (1001

i -T
lim e fim %0 cos (100r)

T-> o0 T_T—>ooT

=50cos (100[) = is a function of time difference
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~{X (t)} is correlation ergodic,

Problem 25. a). If the WSS process {X (t)} is given by X (t) =cos(wt+@) where ¢ is

uniformly distributed over (~,1) prove that {X (t)} is correlation ergodic.
Solution:

To Prove {X (t)} is correlation ergodic it is enough to show that when
1

ooz | XX (1) = R 1)

R (1) = E[ X (1) X ([t +1)]

(( ot + O/jcos u)t+u)r+0}}/

20t + o1 + 20 /kcos 01

Lt

1 2

= n—[cos[Zw Wt ) J]
[ t+ -2d +cos jd({

2 -Lfn
1 sin(Zwer +20)/ ]n

= Eh 5 + ﬂcosuﬂ‘ ‘_H
1

Ry, (1)= Ecos[oor)

CoE%ider T

Toowar | X(OX(tr)dt

e 1t 17
jTt’t T [cos(w2t+t0’)cos(22t+mt+0}/d}tdt
—T_)ooﬂ_{cos(wﬂuw )+ cos (wr) | dt]
Lt 1[Sln(2wt+mr+20)/ +tcos[mt)|r
_T—>004T_|_[ 2w .
=1_COS(0)T)

lim 127 1

Tﬁwzﬂ—JTX[t]X[tH)dt: Ecos(wt]=R(r]

{X (t)} is correlation ergodic.
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b). A random process{X (t)} defined as{X (t)} = Acoswt + Bsinwt, where A & B are

the random variables with E (A) = E(B) =0 and E(A?)=E(B?) & E(AB)=0. Prove

that the process is mean ergodic.

Solution:

To prove that the process is mean ergodic we have to shoe that the ensemble mean is
same as the mean in the time sense.

Given E(A)=E(B)=0-------m- 1
E(A?)=E(B?)=k(say) & E(AB)=0---2.
Ensemble mean is
el x (t)J] = E [ Acoswt + Bsinwt ]

= E(A) coswt + E (B) sinwt =0 Using (1)
Time Average

(1) = Iim 1 7
(1) = 03T L(Acoswt +Bsinwt ) dt

lim ﬂAsinwt Bcosu)t\T

=T—>oo2T_h|l{m T

|
lim 11| _Asinwt Bcoswt\) _v/l Asinw (-T)  Beosw (-T) \]
0 - 0 - / 0 @

T-

_im |
T 2 /H

lim 1 | Asinot _ Beoswt  AsinwT BcosawT |

|
o o ]

T-o W
A dim [sinoT] o
ol - oo| [ T |J
The ensemble mean =Time Average
Hence the process is mean ergodic.

26.a). Prove that in a Gaussian process if the variables are uncorrelated, then they are
independent
Solution:

Let us consider the case of two variables X . & th

If the are uncomelated then,

M=l =r=
Conse{qyentl%t e variance covariance matrix
0

Zzl\lo oi'/
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ol

Matrix of co-factors =Z =| \2 |
I \0 %)

+Yq0%i-0=0%", ,
Now (X =) T (X = u) = (X —p) Eijﬁ( )

Let us consider
(X-u)E; (X

0l
[X -p.X -y ] | RS

1 1 2 2.0

, X
RN
= (x —u]202+[x — ]202
1 1 2 2 2
Now the joint density of th & th is

S o o]
f(xl,xz)z

e202q2|2[ 11 1 2 2 2”

{M HCwyorvovon(e )l "

X J 1 1 2 2 2 1 X -

1

—lﬂx— \‘12 {x— \12‘
1 ezf e W‘J

_[211]0102 [ f !
1 zfﬂJeﬂH'

21 0,0,

=_1 e_z*l‘ g 12/ 1 e;{x;uzﬁ

6, B 6, Nom
f(xuxe)=f(x)f(x)

~ X &X | are independent.

b). If {X(t)}is a Gaussian process withy(t)=10&C(t,t, )=16e™™. Find the
probability that (i) X (10) <8 and (ii) X|(10) - X (6) < 4.
Solution:

Since {X (t)} is a Gaussion process, any member of the process is a normal random
variable.

+X (10)is a norm:11 \{0 |tr16nean ;11 10) =10and variance C (10,10) = 16.

P{x 10)<8}=P <-05
4
= P{Z < -0.5} (Where Z is the standard normal RV)
=05-P{Z <05}
=0.5Mm0.1915 =0.3085.
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(from normal tables)
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X (10)& X (6) is also a normal R V With mean p (10) - (6) =10-10=0
Var{X (10) - X (6)} =Var{X (10)}+Var{x (6)} - 2Cov{X (10), X (6)}
= Cov (10,10) + Cov (6,6) - 2Cov (10,6)
=16 +16 - 2x16e-* {: 31.4139

P{|X(10)—X(6)|s4}:P I xw)-x@)], ¢ }l

|| 56048  56048])

= P{Jz |s 0.7137}
= 2x 0.2611= 0.5222.

Problem 27. a). Define a Markov chain. Explain how you would clarify the states and
identify different classes of a Markov chain. Give example to each class.

Solution:

Markov Chain: If for all n,

P{Xn = a.n / Xn—l = an—l, Xn—2 = a.n—z,..., XO = ao} = P{Xn = an / Xn—]_ = an—l} then the
process | Xn}, n=0,12,...is called a Markov Chain.
Classification of states of a Markov chain

Irreducible: A Markov chain is said to be irreducible if every state can be reacted from
every other state, where P”(”) > 0 for some nand for all i & j.

(’0.3 0.7 o\‘
Example: | 01 04 0.51
[0 02 08

Period: The Period d; of a return state iis defined as the greatest common division of all
msuch that P >0

ie., d, =GCDIm: p{ >0}
State i is said to be periodic with period d,if d,>1and a periodic if d;, =1.

I]Exam le:
0 1 . .
So states are with period 2.
1 o
(1 3]
‘1" 41 The states are aperiodic as period of each state is 1.

2 2
|

Ergodic: A non null persistent and aperiodic state is called ergodic.
Example:
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!
1
0|~ Here all the states are ergodic.
L

]

o o o

0
0
1
1
8

0|k O O Bk

[2

b). The one-step T.P.M of a Markov chain {Xn; n:0,1,2,...} having state space
01 05 04|
S={1,23} is P:|‘0.6 0.2 O.2|‘ and the initial distribution ism, = (0.7, 0.2, 0.1) .
03 04 03
Find (i) P (X2 =3/Xo=1) (ii) P(X, =3) (i) P(Xs=2, X2 =3, X1 =3, Xo =1).
Solution:
()P(X2=3/Xo=1)=P (X, =3/ X =3)P (X1 =3/Xo=1)+P(Xs=3/X =2) P (% =2/ Xp =1)
+P (X2 =3/ X =1) P( X1 =1/ X, =1)
= (0.3)(p4) + (0.2)(05) + (04)(0.1) = 0.26
043 031 0.26?
P?=P.P= ||0.24 0.42 034 ,:
{036 035 029/

(i). P(X;=3) =§1P(x2 =3/ X0 =i)P(Xo =i)

= P(X2=3/Xo =1)P (X0 =1) + P( Xz =3/ X =2)P (X, = 2)
+ P(X; =3/ Xo =3)P (X =3)
=P?P (X =1)+P?P(X =2)+PP(X =3)

0 23 0 33 0

- 026%0.7 +0.34 0.2+ 029%0.1- 0279

(iii). P(Xs=2,X2=3X1=3X,=1)
=P[Xo=1,X1=3,Xz =3]P[Xs =2/ Xo =1, X, =3, X; =3]
=P[Xo=1,X1=3X,=3]P[Xs =2/ X, =3]
=P[Xo=1,X1=3]P[X2=3/Xo=1,X =3]P[ X3 =2/X; =3]
=P[Xo=1,X =3]P[X, =3/ X =3]P[Xs =2/ X, =3]
=P[Xo=1]P[X1 =3/ Xo =1]P[ X2 =3/ X; =3] P[ X3 =2/ X, = 3]
= (0.4)(0.3)(0.4)(0.7) = 0.0336
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Problem 28. a). Let {X,; n=1,2,3,....} be a Markov chain with state space S ={0,1,2}

[0 1 0]
1 11
and 1 — step Transition probability matrix P:| (i) Is the chain ergodic?

o o 4 2 4
Explain (ii) Find the invariant probabilities. l ’
Solution: 0 1 0}

11 1]

[0 1 olf[o 2 0] |7 2 7

1 11 11 1 3

y
7l
sl

1
p2=pp=|

|
| 6 J

=N
<=1
=
]
<=
oo
|

ill_\/ NN
ﬁ%f?%? § 4 §|
poppol T L
848’424J 6 8 16
2 5 4|\ ! éié)

PO >0, P2 >0, P? >0, P2 >0, P2 >0 and all other P >0

7733
Therefore the chain is irreducible as the states are periodic with period 1
i.e., aperiodic since the chain is finite and irreducible, all are non null persistent

The states are ergodic.
0 1 0]
‘ 1 1 1
[T[O My T[Z] Z E Z =[T[O M T[Z]
01 0
T[1_
TT[ o~ T T T T T T T T T~ (1)
T + +T
0 ? =M — ==~~~ ~-==-= )
Trl_
TT[ - T T T T T T T T T T (3)
My +T +M,=l- === === —— - (4)

A
ST+ +T, =1
T
i o=l
2 1
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3111_1

T
From (3) 7 e

1
m=
-
6
. 2 1
Using(4) m + + =1
© 3 6

4+1
T+ =

"

1_|and

b). Find the nature of the states of the Markov chain with the TPM P =| E 0
2 2
1 00
the state space(1,2,3).
Solutipon:
1 1

2|2

PZ=10 1 0
LEOI_}|
2 2

2
P‘=P2P2=|0 1 0=P
1o 1

2 2
APM = P2 & PP
Also P2 >0, P; >0, P2 >0

1702
PL>0,P?>0,P.>0

T 112
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P2 >0, P1 >0, P2 >0
20

@ The Markov cham is |rreducible
Also P =P!=..>0 forall i

@ The states of the chain have period 2. Since the chain is finite irreducible, all states are
non null persistent. All states are not ergodic.

Problem 29. a). Three boys A, B and C are throwing a ball to each other. A always
throws to B and B always throws to C, but C is as likely to throw the ball to B as to A.
Find the TPM and classify the states.

Solution:
"
A||0 1 0||
B| 0 1]
1
G2
2 2 \
0 0 1l
propxp=l 1 1 0)
2 2
lg L 1_)
f 2 2\
11
2 2 0||
= P2xp = |o 23
1 11
17 2 7
Forany i=2,3
P2P3 >0

@ G.C.D of 2,3,5,..=1
The period of 2 and 3 is 1. The state with period 1 is aperiodic all states are ergodic.

b). A man either drives a car or catches a train to go to office each day. He never goes 2
days in a row by train but he drives one day, then the next day he is just as likely to drive
again as he is to travel by train. Now suppose that one the first day of the week, the man
tossed a fair dice and drove to work iff a 6 appeared. Find the probability that he takes a
train on the third day and also the probability that on the third day and also the
probability that he drives to work in the long run.

Solution:

State Space = (train, car)
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The TPM of the chain is

i
0 1

P=T ‘
c |\t l/
2 2
P (traveling by car) = P (getting 6 in the toss of the die)= E

6
& P (traveling by train) = E
6

5 1
-l
7o / \ \
51\W , Y
p@ - pOPp = | :

T ___%
6 6 |Y% 3/\ 12 12
|
1 n\“ | |113\|
el s

2 2
P (the man travels by train on the third day) = E
24
Let 1 = [nl,nz)be the limiting form of the state probability distribution or stationary

state distribution of the Markov chain.
By the prgperty of mt, mP =7

|
(w‘&_ 1= ()
2 2
111=11
2 2 1
+1
T[1 ET[Z_T[Z
& m+m,=1
1 2
- =_&m = _
Solving m, 2 “2 3

2
P{The man travels by car in the long run }= _.

Problem 30 a). Three are 2 white marbles in urn A and 3 red marbles in urn B. At each
step of the process, a marble is selected from each urn and the 2 marbles selected are inter

changed. Let the state a, of the system be the number of red marbles in A after i

changes. What is the probability that there are 2 red marbles in A after 3 steps? In the
long run, what is the probability that there are 2 red marbles in urn A?
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Solution:
State Space !X, } =(0,1,2) Since the number of ball in the urn A is always 2.

Y

010||

L
‘6'2‘3|

Zkozl)
3 3

X,=0, A=2W (Marbles) B = 3R (Marbles)

X.1=0 Pp=0

Xpr=1  Py=1

X =2 Py, =0

X, =0, A=1W &11R (Marbles) B = 2R &1W (Marbles)

X =0 P =

n+l 10 6
X =1 p -t
n+1 11 %
X =2 P ="
n+l 12 3

X, =2, A=2R(Marbles) B =1R & 2W (Marbles)
X1 =0 Py =0
X

=1 P =
n+l 21 g
X =2 P ="
n+l 22 3

P® =(1,0,0) as there is not red marble in A in the beginning.

PO = POP =/(0, 1,0)
111

p@ - plip =/‘\ |
23 \\
PO = POP = : , 23, >
| % 15 1
12 36 18 _ _2}= PO =E
I P (There are 2 red marbles in A after 3 steps) = PIX 3 2 18

Let the stationary probability distribution of the chain be 1 = (1,, 1,, 1,).
By the propertyof m, tP=m & my+m +m, =1
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?

0 1 0
|1 1 1
(@nn]|_6 5 7 =(1T1T1T
o 2L
3 3
1
gT[l:T[U
+1 2
T[O %1"'5“2:“1
1 1
§T[1+§T[2—T[2
& my+m +m, =1
1 6 3
Solving m, =— T =, T =

10 ' 10 2 10
P {here are 2 red marbles in A in the long run} = 0.3.

b). A raining process is considered as a two state N/arkov chai. If it rains the state is O

1\0.6 0.4

and if it does not rain the state is 1. The TPM isP = g |l - If the Initial distribution

is (0.4, 0.6). Find it chance that it will rain on third day assuming that it is raining today.

Solution:/
P - 06 04 KO.G 04

2 08/2 0.8
0.44  0.56

028 032 )
P[rains on third day / it rains today = P[ X5 = 0/ X; = 0]
= I%% =0.44
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Part.A
Problem 1. Let X andY have joint density function f (x,y) =2, 0<x <y <1.Find the marginal

density function. Find the conditional density function Y given X = x.

Solution:
Marginal density function of X is given by

fe(x) = f(x) = '[ f(xy)dy
1
(xy)dy = j2dy=2(y)1 .
=2(1-x),0<x <L
Marginal density function ofY is given by

fi(y)=f(y)= j f (% y)dx

=12dx=2y,0<y<1.

~—
B g

(x)  20-x) 1-x

|Q°/x

Problem 2. Verify that the following is a distribution function. F Fl\e 1\ a<x<a.

i

Conditional distribution function ofY given X =x is f (y/) i} flxy) 2 1
X f

Solution:
F(x) is adistribution function only if f (x) is a density function.
d 1
f(x]=_[F(X)] =7, -—a<x<a
dx 2a
I f(x)=1
a1 17 .
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:1_.2a:1.

2a
Therefore, it is a distribution function.

Problem 3. Prove that jfx (x) dx :p(xl <X< xz)

1

SOt ax=IF (x)*

J.x [x Jx

X1

1

= Fx (%) - Fx (%)
=P[X s x]-P[X < x]
=P[x s X <x]

Problem 4. A continuous random variable X has a probability density function f (x) = 3x?,
0<x<1 Find 'a' suchthatP (X <a) =P (X >a).
Solution:
Since P(X <a) =P (X >a), each must be equal to_1 because the probability is always 1.
2

Problemb5. Fuppose that the joint density function
{ Ae7*Y 0<x<y, U<sy<o
f(xy)=

Solution:
Since f (x,y) is a joint density function

H f(x y)dxdy =1.

—-00 —00
ooy

) Determine A.
LO , otherwise

> Ll Ae~*e~Ydxdy =1
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© W
:A[e‘y\ e_‘ dy =1
-1

0 0
= A[ eV —e-zV]dyzl
0
_ 2y | @
N ey e -1
? ]—1 -2 0
= A . =1=>A=2

Problem 6. Examine whether the variables X and Y are independent, whose joint density
functionis f (x,y)=xe**D, 0<xy<o.

Solution:
The marginal probability function of X is

€] ©

fX (X) = f (X) = J. f (X,Y)d)/:'[ Xe—X( y+l)dy
—00 0
_ X[ o0 | _ —[O—e-x -
L,
The marginal probability function ofY is

€] ©

fy (y) = f (Y) = I f(x,y)dx=J' xe gy
= XT es0 |° O_[ ex(r) ]w
“ _(y+1)|Jo ‘( y+f) JlJ
1
(y+1)°

Here f(x).f (y)=e*x [1+1y)2 # f(xy)

~ X and Y are not independent.

0

Problem 7. If X has an exponential distribution with parameter 1. Find the pdf of y = JX
Solution:
Since y = /X, x =
Since X has an exponential distribution with parameter 1, the pdf of X is given by
fy (x)=e* x>0 [i f(x]=7\e-“,)\=1]

)= 00 [

=e X2y = 2ye-yz
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f,(y)=2ye, y>0
[ e

|Find the probability

Problem 8. If X is uniformly distributed random variable in —(T 9 2_,/

density function of Y = tanX.
Solution:

GivenY =tanX = x =tan-'y
1
dy 1+ / \‘

Since X is uniformly distribution in —(‘ o Z)
f(x): 1 _ 1
X -a 1.1
2 2
HORSEE S
X T 2 (E
Now f (y)=f (X)]dx|_1} 1  ,-e<y<w
! " ldy ﬂ\1+y2 /
fly)= ,—00 <Y<

Problem 9. If the Joint probability density function of (x,y) isgivenby f (x y) =24y (1-x),
0<ys<xs<lFindE(XY).

Solution: A
11
E(xy) =nyf (x,y) dxdy y

1

= 24U xy? (1- x) dxdy A=y
Yy y:eoye 4

—24[y2 - __+__|ay= X R
. |6 2 3 15 >

Problem 10. If X and Y are random Variables, Prove that Cov ( X ,Y) =E ( XY) -E (X) E (Y)
Solution:

cov(X,Y)=EH(X—E(X))(Y—E(Y))]J
=E( XY - XY =YX + XY)
=E(XY)-XE(Y)-YE(X)+XY
=E(XY)- XY - XY + XY
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SE(X)-E(X)E(Y) | E(X)=XE(Y)=Y]

Problem 11. If X andY are independent random variables prove thatcov (x,y) =0
Proof:
cov(xy)=E(xy)-E(X)E(y)

But if X andY are independent then E (xy) = E(x) E(y)

cov(xy)=E(X)E(y)-E(X)E(Y)

cov(x,y)=0.

Problem 12. Write any two properties of regression coefficients.
Solution:
1. Correction coefficients is the geometric mean of regression coefficients
2. If one of the regression coefficients is greater than unity then the other should be less
than 1.
0
b =r_'andb = P
Xy yX
0, 0
If b, >1thenb, <1.

y

Problem 13. Write the angle between the regression lines.

Solution: The slopes of the regression lines are

m=r ' m __1l0,
1 — 2=
0 ro
If 8 is the angle between the lines, Then
6,0, 11-r?

e

Whenr =0, that is when there is no correlation between x and y, tané =« (or)f = " _
2
and so the regression lines are perpendicular

When r = 1orr = -1, that is when there is a perfect correlation +ve or -ve , 8 = 0 and so the
lines coincide.

Problem 14. State central limit theorem
Solution:

If X, X2..X, is a sequence of independent random variable E(Xi)=ui and

Var(X;)=0/,i=12...n and if S =Xi+X,+....+ X then under several conditions S

n

n
follows a normal distribution with mean p = Z i and varianceo * = 202 i aSh— .
i=1 i=1

Problem 15. i). Two random variables are said to be orthogonal if correlation is zero.

5
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ii). If X =Y then correlation coefficient between them is 1.

Part-B
Problem 16. a). The joint probability density function of a bivariate random variable (X,Y) is

f(xy)= k(x+y), 0<x<2 0<y<2 . . isaconstant.

X 0 . otherwise
i. Find k.

i Find the mar |naI denS|ty function of X and Y .
il. Are X and Y independent?

v. Find 1, (/] andf%[%/).

Solution:
(). Given the joint probability density function of a brivate random variable (X ,Y) is
gK[x+ y),0<x<2,0<y<?2

foo IX,y)=
XY( y) lO , otherwise

[Cee) 0 0

Here I I fxy (x,y)dxdy=1:>I IK(x+y)dxdy=1
e m;o' 2
j'j'K(x+y)dxdy=1=> K_“ %X_+xy

00 0
2

KI[2+2y)dy=1

2
dy =1

0

= K[2y+ y2]20=1

= K[8-0]=

:K=%_

8
(ii). The marglnal p.d.f of X is given by

2

fx (1) = J' f (x, y]dy-—[[ X+ y)dy
Y 0 O
1

'8| Xy + y l

"

= The marginal p.d.fof X is  (y4+1

(0 \4—

0 , otherwise

,0<x<?2

The marginal p.d.f of Y is
© 1 2
fi (y) = I f(x, y)dx=§L(x+ y)dx

=00

6
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:Ql:iwa
1 0

~The marginal pl fYis
g rllfq;ﬁq’ s,
f,(y)= l 4
0 , otherwise

(iii). To check whether EX g[_»f [Y f{j independent or not.
fX (X) fY (y) = . A £ fXY (Xl y)
Hence X and Y are not independent.
(iv). Conditional p.d.f f/ (/] is given by
X, 8(X +Y) (X +Y)

f
f, (Y : _g S 1 7
44) ) e 2 ()

y
fV 1— ,0<x<2, 0<y<2
x
v /[ )dy
(v) P Y/X
1él+y 5
=_[ dy=—.
2, 2 32

0

Problem ]{?La) If X and Y are two random variables having joint probability density function
( -x-y),0<x<22<y<4

f(xy)= Find (i) P(X <1nY <3)

O , otherwise

(i) P(X +Y <3) (iii) P[X <y <3).
b). Three balls are drawn at random without replacement from a box containing 2 white, 3 red
and 4 black balls. If X denotes the number of white balls drawn and Y denotes the number of
red balls drawn find the joint probability distribution of (X,Y) .
Solution:
a).

y=3 x=1

P(X <InY <3) = j J'f(x,y)dxdy

y=-00 X=-00
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y3x1

H8(6 x - y) dxdy

:%H(G-X-y)dxdy
=éf[6x—x_2—xyldy
1811 | 1[11y y2 I’
ZEL 2 y‘dy_ 82 2‘LJ2
P(X <lnY <3)=>
13-x 8
WPk ey <3)= | L (6 x-y)
1
=;[0\[6y—xy— ZLLL dx
1 ‘ \
(3-% ., e ol
—J[o‘esé-x]_xg_x)_T 12262
‘1’18 6x —3x+ X’ ‘M—(lO—Zx)’dx
8! > )
|l1[ 9 x* 6x ]
=;“18—9x+x2— -+ —10+2x]dx
1(1)~[7 xz] 222
3 \§—4X+ 2_|_de

21-12+1| 1%10\ 5

6 |J 8kE/T 24
Gi). P(X <1 _3)- P(x<iny<3)

F’(y<3)

2
The Marginal density function of Y is §, (y)= .L (% y)dx

|
é}[i SR
l
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1[ X2 2

:3( 6x- 3 - yﬁ

0

:3[12—2—2y]
8

=__~,2<y<4.

S-y
4

xz1 y=31
~(6-x-y)dxdy

ik

j fy (y)dy

y=2
3 3

=q/r§\ _ [ 8

||:>—y)|d 1|5

— |0y  —_]oy—-
ZJ\ 4 4[ 2|,
3 8 3
=_X_= _,

8 5 5

b). Let X takes 0, 1,2and Y takes O, 1, 2 and 3.
P(X =0,Y =0) = P(drawing 3 balls none of which is white or red)

= P(all the 3 balls drawn are black)
_4C, 4x3x2x1 1
T 9C;  9x87 21

P(X =0,Y =1) = P(drawing 1 red ball and 2 black balls)
_3C,x4C, 3
~oc, 14

P(X =0,Y =2) = P(drawing 2 red balls and 1 black ball)
_3C,x4C, _3x2x4x3 1

9C; 9x8x7 7
P(X =0,Y =3) = P(all the three balls drawn are red and no white ball)
_3C, 1
"9c, 84
P(X=1Y =0) = P(drawing 1White and no red ball)
2x4x 3
_2C,x4C, —1x7
B 9C, _9XSXY
1x2x 3
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_12x1x2x3 1
9x8x 7 7
P(X =1Y =1) = P(drawing 1White and 1 red ball)

2x3
_ 2C1><3C1: 9x8x7 _ 2_

9Cs3 1x2x3 7
P(X=1Y =2) = P(drawing 1White and 2 red ball)
_2C,x3C, 2x3x2 1

9C, 9x8x7 14
1x2x3

P(X =1Y =3) =0 (Since only three balls are drawn)

P(X =2)Y =0) = P(drawing 2 white balls and no red balls)
_2C,x4C, 1
9, 21

P(X =2,Y =1) = P(drawing 2 white balls and no red balls)
2C,x3C, 1
~oc, 28

P(X=2Y=2)=0

P(X=2Y=3)=0

The joint probability distribution of (X,Y) may be represented as

Y
X 0 1 2 3
0 1 3 1 1
21 14 7 84
L L2 [,
7 7 14
1 1
2 21 28 0 0

Problem 18.a). Two fair dice are tossed simultaneously. Let X denotes the number on the first
die and Y denotes the number on the second die. Find the following probabilities.

() P(X+Y)=8,(ii) P(X+Y 28), (iii) P(X=Y) and (iv) P(X +Y =% =4].
b) The joint probability mass function of a bivariate discrete random variable (X ,Y) in given by
the table.

X
Y 1 2 3
0.1 0.1 0.2
0.2 0.3 0.1

10
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Find
i.  The marginal probability mass function of X and Y .
ii. The conditional distribution of X given Y =1.
iii. P(X +Y <4)
Solution:

a). Two fair dice are thrown simultaneously
[QJNL2y4L6]1
2,1)12,2)...[2,6
ZI( )(2.2)( N, n(S) = 36
\[6,1](6,2]...(6,6) |)
Let X denotes the number on the first die and Y denotes the number on the second die
1
Joint probability density function of (XY ) is P(X=xY=y)=_" for
x=1,2,3,4,5,6andy=1,2,3,4,5,6
(i) X +Y ={ the events that the no is equal to 8 }
= {(2,6),(3.5).(4,4).(5.3).(6.2)}
P(X +Y =8) = P(X=2,Y =6)+P[X =3Y =5)+P(X =4 =4)

+P(X :5,Y :3)+P(X=6,Y=2)
1 1+1 1 5

= 4+ ——+ — _—

1
36 36 36 36 36 36
(ii) P(X +Y 28)

2,6) ]
v = [3D6Y (00 }
|(5, 3] , (5, 4] (5,5) , [5, 6)

|
((6.2).(6.3).(6.4).(6.5)(6.6)
.-.P(X +Y 28) = P(X +Y =8)+P(X +Y =9)+P(X +Y =10)
+ P(X +Y =11)+ P(X +Y =12)
S°+4,83,2. 1 _15_5

36 36 36 36 36 36 12
(i) P(X =Y)

...... +P(X =6,Y=6)

. oy o P(X+Y =6nY = 4)
(|v)P(X Y-Vz ) o(1 -4

11
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Now P(X +Y =6NnY :4): 1_

36
p(v=4)="
3
1
X +Y = = % = l
P( % = 4) 6 6
36
b). The joint probability mass function of ( X,Y) is
X
v 1 2 3 Total

1 0.1 0.1 0.2 0.4

2 0.2 0.3 0.1 0.6
Total 0.3 0.4 0.3 1
From the definition of marginal probability function

Px(Xi)=ZJva(Xi,y1)

When X =1,
PX (Xi) = ny (1,1) + ny (1, 2)
=0.1+0.2=0.3
When X =2,
PX (X = 2) = ny (2,1) + ny (2,2)
=0.2+0.3=04
When X =3,
Px (X = 3) = ny (3,1) + ny (3,2)
=0.2+0.1=0.3
=~ The marginal probability mass function of X is
0.3 when x=1
P, (x)=10.4 when x=2
0.3 when x=3

The marginal probability mass function of Y is given by P, (yj) = Z Py (xi, yj)

3
WhenY =1, Py (y =1) = Z Py (%i,1)
=1

= ny (1,1) + ny (2,1) + ny (3,1)
= 0.1-!; 0.1+0.2=04

When 'Y =2, py (y=2) =ZPXY (x.2)
X =1

= ny (1,2) + ny (2, 2) + ny (3, 2)
=0.2+0.3+0.1=0.6

12
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=~ Marginal probagiity mass function of Y is

P(y)= when y =1
! 0.6 wheny=2
(if) The conditional distribution of X given Y =11is given by

p(x:y ):P{X:an:ﬂ
v=1 P(Y =1)
From the probability mass function of Y, P(y=1)=P,(1)=0.4
When X =1, P P(X =1nY =1]
"% -

(1) s

=0.25
PY(l) 0.4
When X =2 P( ) Pxy (21) =0.25
Y COAN 0.4
When X =3,P Py (31) _0.2
(X~ ) O =05
(iii). P(X+Y<4)=P{(x,y)/x+y<4 Where x=1,2,3; y=1,2}
- p{(10).(1.2).(21)}

= ny (1,1) + ny (1,2) + ny (2,1)
=0.1+0.1+0.2=04
Problem 19.3). If Xand Y are two random variables having the joint density function

1
f(x, y) = —(X+2)’) where x and y can assume only integer values 0, 1 and 2, find the
27

conditional distribution of Y for X = x.
b). The joint probability  density function of (X)Y) is given by

2
xy?+ X 0<x<2, 0<

for (x,y) = g’ V<L i ) P(X>1), (i) P(X<Y) and
0 , otherwise

(iii) P(X +Y @1)

Solution:

a). Given X and Y are two random variables having the joint density function
1
f(xy)=—(x+2y)----(1
() 27

Where x=0,1,2 and y=0,1,2
Then the joint probability distribution X and Y becomes as follows

13
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r 0 1 2 | f(x
. . 1 2 3
271 | 21 | 21
. 2 3 4 9
7 | o | o |
, 4 5 6 | 15
27 | 27 | 27 | 77

The marginal probability distribution of X is given by ~ f;(X) = Z P(xY) and is calculated in
J
the above column of above table.

f(x, y)

and is obtained in
The conditional distribution of Y for X is given by f; (Y = %( ) _— (x)
=X

the following table.

X
y 0 1 2
0 0 L 2
3 3
1 1 3 S
9 9 9
1 1 1
* 15| 3| 2
p(Y =0 _P(X=0Y=0) 0
( A=O) P(X =0) _i_o
27
2
p(Y = _P(x=0Y=1) 7 _1
( A=0) P(X =0) 6 3
27
4
p(Y =2 _P(X=0Y=2) 37 2
( A=0) P(X =0) 6 3
27
1
p(Y =0 _P(Xx=1Y=0) 37 _1
( A=1) P(X =1) 9 9
27
3
p(Y =1 _P(x=1Y=1) 3 3_1
( Aﬂ) P(X=1) 9 9 3
27

14
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5
p(Y =2 CP(X=1Y=2) 57 5
( /;=1)' P(X=1) ;%;'9
27
2
Y=0 P(X=2Y=0) 5 1
P( A:Z): p(x;g) :%:6
27
4
P(X=2Y=1) 5 1
( /& 2) P(X =2) _i%"s
27
6
P(X=2Y=2) 57 1
( /Q 2) P(X =2) ;f%_z
27

b). Given the joint probability density function of (X.Y)

0<sx<20sy<l

(). P(X>1]=ffx(x)m

1

The Marginal density function of X is f, (x) = L f(xy)dy

(1) = Mxy o X o ,

X X

Zfl?‘SEB_” =3+g,1l<x<2

is fxy (X+y)=Xy2+%,

v

W)HX<Y=L

P(X<Y)= [
[0

v

15
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1|\/y4 oL

+ y o+
2% |10 96/

1
o —

| =

96+10 _ 53
1 960 480

6
(i) p(x+Y<1)= U fxr (x, y) dxdy

1
+ —=
9

o

1 1-y

Where R; is the regiO(S 2\
X

P(X+Y<1)= 2, — ||dxdy y 4

( ) y‘[o x.[%\Xy t g 1

:.[ _2_+ZT] dy\ y=1

v

Problem20 a). If the joint distribution functions of X
1-e*){1-eY|,x>0,y>0
F (X, y) - [ ] ( ]

0 , otherwise
i.  Find the marginal density of X and Y .
ii. AreX and Y independent.

iii. P(1<X <3, 1<Y <2).
b). The (6 jg(inty probability  distribution of X and

| ,0<x<2,2<y<4

f(oy)=1"8 . Find P(1<Y<3/§<=2].
lo , otherwise

Solution:

a). Given F(x, y):(l—e—x][l—e-y]

Sloeroe 4 ()
The joint probability density function is given by

16

and Y

Y

is

iIs given

given

by

by
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°F(xy)
f(xy)= Ty
_ 02 [ -x -y —(x+y)]
p—e -e +e ]
X0
:ifey —ei(Xer] J
OX{ _[x+y]’ XZO, y>0
f(xy)=
() lO , otherwise

(if) The marginal probability function of X is given by
(=19

'[ f(xy)dy= I ey

[e—[my) ®

LT

=U_e-(x+v)‘°°

0

=eX*, x>0
The marginal probability function of Y is

f(y)=t(y)
=j f(xy)dx

[°]

=[ )iy = “—e

x+y)

o
=eY,y>0

sf(x)f(y)=e"e = g0 = f (xy)
~ X and Y are independent.
(iii) P(1< X <31<Y <2) = P(1< X <3)x P(1<Y <2) [Since X and Y are independent]

J;f x)dxxJ.

I e~dx x e-Vdy

w

[e } [ey

1= 4=
=(—e- +e )(—e- +e-1]

—peS_p4_p34p?

17
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6-x-y
f(y )zf LA g _6-x-y
X f(x) 6-2x 6 - 2x

=[2\\_2_ y
_21{4)/_3,22_[
ot s g

Problem 21. a). Two random variables X and Y have the following joint probability density

2-x-Y,0¢x¢1, 0¢y<1

function f (x, y] = l . Find the marginal probability density function

0 , otherwise
of X and Y . Also find the covariance between X and Y .
_6-x-y o ) .
b). 1t f(xYy) ‘To SX<22<ys<4  for a bivariate (X,Y), find the correlation
coefficient
Solution:

2-Xx-Y,0¢x<1, 0<y<1

a) Given the joint probability density function f (x,y)= {O otherwise

]

Marginal density function of X is f, (x) = J' f(xy)dy
N

=j(2—x—y)dy

18
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Wr
:|l2y—xy—TJ
0

lO , otherwise
Marginal density function of Y is ¥, (v)= L(z —x-y)dx

|

1

=265 -y
| |
3
=_-y
3
_-Vy, 0sy<1
fv()/)={j
LO , Ootherwise
Covarianceof(X,Y)=Cov(X,Y)=E(XY)—IT(X)E(Y
L 13 3x°_x¥ _5
E(X)=Ixfx(x)dx=jx_2—x|dx=|2_2_ 3" 12
10 10 3 15 Jo
E(Y) = [yt (V) ay=[yl| -y lp=

CW(XN)=E(&Y)—E(X)E[Y)

E(XY)= J;J;xy f(x, y)dxdy

=‘[‘[xy(2—x—y)dxdy

11

= u (2xy - X2y - xy? Jdxay
1

ooy 2 N }
-y |y
J 2 3\ 2|
1 1 yZ
=jky—§—f_ly

oy vl
27376 =%

19



Unit.2. Two Dimensional Random Variables

ol

O

2

Cov(X)Y)="-"0>
12
25 1

1
6

(BN

1
6 144 144

E(XY)-E(X)E(Y)

b). Correlation coefficient p,, =
0,0

Y
Marginal density function of X  j 6—x—y\ 6 - 2x
0= rls=JH o Jr=

-0 2
Marginal density functiop/of Y is \’
ginat y 4 b-x-y

10 -2y
fY(y):J'f(x,y)dx:.” d§:
Then E[X)=fxfx(x)dx-j>2(| (:sx_}dx
0 = O1’6x2 - 2x3ﬂ
8[_2_ _3_J

=1[12_16\=1sz0_=5_

o- Zy\ a ?I 8 3,6

\
R A g 4
o [oy)
E(xY) = [[wl )dXdy
fﬁ[ﬁxzy X3y XzyZl
= 2 - dy
2[ 3 i 0
= 1fln2y - 2y 1(12y gy2 2y
%]j%zy ) 2y yﬁy 51( Z -%y?—%z
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1o 64 128, 16 16| _1/56]

I E T

E(XY)_
oo EDEel) 3 /\%\}/@ )
0,0, AT
1 Vo V&
PXY = —1_1.

Problem 22 a). Let the random variables X and Y have pdf
f(x y) = (x y) = (0,0),(1.1),(2,0). Compute the correlation coefficient.

b) Let X, and X, be two independent random variables with means 5 and 10 and standard
devotions 2 and 3 respectively. Obtain the correlation coefficient of UV where U =3X, +4X,
and V =3X; - X».

Solution:

a). The probability distribution is

X 0 1 2 P(Y
; Q
1 1
0 3 0 0 3
1 1
1 0 3 0 3
1 1
0 0 0 3 3
P(X) 1 L 1
/3 \ \3 \ 3
| al ol ]l
X
N\

21
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E(Y2]=§Ey ’p(y )(()Xli’f(qkl\z(fi\;) ’

Correlation coefficient py =

E(XY) :szxiyjp(xi’yi)

:0.0.1 O.1.O+1.O.O+1.11+120+OOO+010+02
3
1—(1)2)
Pxy = ;0
2 2
3 9

Correlation coefficient=10.
b). Given E( %) =5, E(X.)=10
V(X:)=4,V(X:)=9
Since X and Y are independent E(XY)=E(X)E(Y)
E(UW)-E(U)E(V)
\/Var (U)var (V)
E(U)=E (3% +4X;) =3E(X:) +4E(X;)
= (3x5) + (4x10) =15+ 40 = 55.
E(V)=E(3%:-X:)=3E(X)-E(X:)
= (3x5)-10=15-10=5
E(UV) = E[(3X, +4X,)(3X1 - X2)|
=E[9x2—3xx +12X,X, —4x2]
=9E (X2) -3E (X,X,) +12E (X X )-4E(x %)
_9E( 2)+oE(x X )-4E(x 2)
X2)+9E( x)E x; 4E( 2)
2))+450 4

1

Correlation coefficient =

2!

—
+
m
—
>
—
-
N
.b
+
N
ol
N
O

22
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E (UV) = (9x29) + 450 - (4x109)
= 261+ 450 - 436 = 275
Cov(U V) =E(UV)-E(U)E(V)
= 275-(5%55) =0
Since Cov(U,V ) =0, Correlation coefficient=0.

Problem 23. a). Let the random variable X

1 1 L ,
f(x) =1, _E <X< 5 and let the conditional density of Y be

has the marginal density function

1 1
|’ x<y<x+l, ——<x<0
- 2 . Prove that the variables X and Y are uncorrelated.

(BN

L1, -x<y<l-x 0<x<

N

b). Given f (x,y)=xe*H, x=0, y=>0. Find the regression curve of Y on X .
Solution:
1

a). We have E(X) = f xf (x) dx = dex | l[_l_]J

ol
N "‘

2
0 x+1 Zl—x

E(XY)= [ [ xydxdy+[ L)fydxdy

1
N =

- j 0x| rl ydy}dx+ [Zx\ [[l_gdy\d%(

0 -X

N
o

Since Cov(X ,Y) =E (XY) -E (X ) E (Y) =0, the variables X and Y are uncorrelated.

b). Regression curve of Y on X is E[V}

E(%]: [ yf [V]dy
f(y/x) = _(T%
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Marginal density function f, (x) = L f(xy)dy

Conditional pdf of Y on X is f[y/{) _f Xy) _ xen

The regression curve of Y on X is given by

E(%) =f ’ yxedy

E(%) =Xl:>y 1and hence xy{
o y ,0<x<1,0<y<?2

Problem 24. a). Given f (x,y) = |l ,
0 , otherwise

obtain the regressionof Y on X and X on Y.

b). Distinguish between correlation and regression Analysis
Solution:

a). Regressiﬂon of YonXis E(\%()
E(Y/H vf(%)dv
VAR .

J‘ f(x, y)dy 2
s o

)I y— Xy+ 2_|J

2Ix+y

|

‘x+1)

3
£ (Y f (x, Y] X+
(/x) fx 2(X+1)
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2 X +
Regression of Y on X = E(%(): 2(x+)
0
= 1 |y y3|l
+1) 2

b).

1. Correlation means relationship between two variables and Regression is a Mathematical
Measure of expressing the average relationship between the two variables.

2. Correlation need not imply cause and effect relationship between the variables. Regression
analysis clearly indicates the cause and effect relationship between Variables.

3. Correlation coefficient is symmetric i.e. r,, =r, where regression coefficient is not symmetric
4. Correlation coefficient is the measure of the direction and degree of linear relationship
between two variables. In regression using the relationship between two variables we can predict
the dependent variable value for any given independent variable value.
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Problem 25. a). X any Y are two random variables with variances ¢*, and o Zy respectively and

yo, .
r is the coefficient of correlation between them. If U = X + Ky andV =X+ , find the

GY
value of ksothat U and V are uncorrelated.
b). Find the regression lines:
X 6 8 10 18 20 23
Y 40 36 20 14 10 2

Solution:
GivenU = X + KY

E(U)=E(X)+KE(Y)
V:X+0LY
E(V)= E(X)+ ' —E(Y)
If U and V are uncorrelated, Cov(UV)=0
L ORI C)) (VR 4\0) [ R
=E| X +KY - E(X )—KE(Y)? |\X+0_Y E(x) _E ]/I = 0
:Ei (x - E( +K(Y—E(Y]]\r(lx E(x))+’ H&)

:EG{X E(X)) + “_Lx E(X))(Y -E(Y))+ K (Y -E())(X-E (X)) +K (Y - E(Y))Ho

. 0 )
SV (x)+° XCov(XY)+KCov[X Y)+K TV (Y) =0
[ " | o
X X
Y Y
V(%)= r
K= (ZY X Y= _sz_mzx

rogo, + XV (Y)  T0x0y +0,0y
0y

_ —02X!1+r! =_0-_x.

0,0, (1+r) o,
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b).
X Y X2 Y? XY
40 36 1600 240
8 36 64 1296 288
10 20 100 400 200
18 14 324 196 252
20 10 400 100 200
23 2 529 4 46
X =85 Y =122 X?=1453 | []Y?=3596 XY =1226
x = 2X o8 g7, v 2Y 12 95
n 6 n 6
2 2 2
.- |2 _|lz_x1/ _ 1453_|‘5§)| 6
n '\'n 6 '\6/
Sy 3yl [3s06 [122f
0, = -|—/ =76 W) =183
n '\'n 6 '\ 6
LN _yo 12% - (14.17)(20.33)
r=—" = = -0.95
0,0, (6.44)(13.63)
b =r_ =-0.95x 6.44 = -0
Yoo, 13.63
0
h =r_ = 0.95x 353 _ 501
g, 6.44

The regression line X on'Y is

x-x=b, (y-y) =x-14.17=-045(y-y)

= X =-0.45y +23.32

The regression line Y on X is

Y-y =by(x-x)=y-2033=-2.01(x-14.17)
= y=-2.01x+48.81

Problem 26. a) Using the given information given below compute x;y and r. Also compute
o,when o, =2, 2x+3y =8 and4x+y =10.
b) The joint pdf of X and Y is

27



Unit.2. Two Dimensional Random Variables

X
Y -1 1
1 3
0 8 8
2 2
1 8 8
Find the correlation coefficient of X and Y

Solution:
a). When the regression equation are Known the arithmetic means are computed by solving the
equation.

2X + 3y = 8-----m-meo- (1)
4x+y =10 ------------ (2)
(D)x2=>4x+6y =16 --------- 3)

(2)-(3) = -5y = -6
6

>y=_

el
Equation (1) = 2x+3 k5_|/: 8

:2X=8—E
5
11
=>X=__
11 6 >
ie. X=_"&Yy=_
5 5

Tofindr, Let 2x + 3y =8 be the regression equation of X on Y .
2Xx=8-3y > x=4—iy

? 3
=b, = Coefficient of Y in the equation of X onY =-

2
Let 4x+y =10 be the regression equation of Y on X

= y=10-4x
= b,, = coefficient of X inthe equationof Y on X =-4.

r=t V bxybyx

=- \_ 22%_}(_4) (/b &b arenegative )

o
= -2.45

Since r is not in the range of (—1s r sl) the assumption is wrong.

Now let equation (1) be the equation of Y on X
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8 2x
>y=_-_"
3 3
= b, = Coefficient of X in the equation of Y on X

b =2
yX 3
from quation (2) be the equation of X on Y

b =-

Xy 4

r=tfo b, =|"-%-- =04081
3 4 ,

Tocompute ¢ fromequation (4) b =-"
y yx

_‘
(@]

y

T
2_— 0.4081x y_
3 2

But we know that b,, =

b). Marginal probability mass function of X is

When X =0, P(X)' =

x =1, P(X)=
Marginal probability mass funct
WhenY = -1, P(Y) =—

8

v=1, P(Y)=2+

E[X)=2X:xp(x)=0x48+1x

E(Y)=Yyp(y) = -1x z+1

E(X2)=y2x2p(x)=02x
E(Y*) = Zy p(y)=

of

Y is
"2 3
8 8

8
5_.3,5_2
X
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V(Y)=E[Y(2]—[E(Y]]Z

_lk 16
E(XY)= Znyp(x y) ( \

—0x +Ox (—1]2+1x 2 =0
s 5 5 lal
Cov(X.Y)=E(XY)-E(X)E(Y)=0-1x1=-1
1 2 4 8
Cov( X.,Y) -
—8 =-026.

oroias

Problem 27. a) Calculate the correlation coefficient for the following heights (in inches) of
fathers X and their sons Y .

X 65 66 67 67 68 69 70 72

Y 67 68 65 68 72 72 69 71

b) If X and Y are independent exponential variates with parameters 1, find the pdf of
U=X-Y.

Solution:

X Y XY X? Y?

65 67 4355 4225 4489
66 68 4488 4359 4624
67 65 4355 4489 4285
68 72 4896 4624 5184
69 72 4968 4761 5184
70 69 4830 4900 4761
72 71 5112 5184 5041

X =544 | [2]Y =552 XY = 37560 X2=37028 | [?]Y?=38132

Y X 544

X = =68

Vs

n 8
XY =68x69 = 4692
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1 2 1

0y = \/—Z X=X = \/— (37028) - 68° = /4628.5 - 4624 = 2.121
n 8
T T

o, = \/—Z y -y = \/g (38132) - 69° = /4766.5- 4761 = 2.345
n

Cov(X,Y) =13 XY - x¥-= 1 (37650) - 68x 69
8

n
= 4695-4692 = 3
The correlation coefficient of X and Y is given by
XY
r(xy)=x) 3
0,0y (2.121)(2.345)
-3 . 0.6032.
4.973

b). Given that X and Y are exponential variates with parameters 1
fo(x)=e* x20, f (y)=e,y20
Also fxy (x,y) = fx (x) fy (y)since X and Y are independent
=ee”’
=e 0" x>0,y20
Consider the transformations u=x-y and v=y

=>X=U+V,y=V v A
x  0x
a1 x P -
] = _ vty
d(uv) |oy | [0 1
u v

fUV (U,V) = fxy (X, y) |J | =g %V = e—(u+v)e_v

=e ™ yu+v20 v20
In Region I when u <0

f(u)= J:u f(uv)dv= J; e.e~2dv

v

Ny =N
=e _|
-u

—ZJ

L P -
—_—20 e ] >
In Region Il when u >0

o

f(u) =J f (u,v)dv v

@ —(u+2v) e-U

31



Unit.2. Two Dimensional Random Variables

|—, u<o
fu)=1 2
e
u>0
Uz
Problem 28. a) The joint pdf of X and Y is given by f (x,y)=e0%,x>0,y>0. Find the
odfof U = 17
2

b) If X and Y are independent random variables each following N (0,2), find the pdf of
Z=2X+3Y.If X and Y are independent rectangular variates on (0,1) find the distribution of
X

Y
Solution:

a). Consider the transformation u = ﬂ &v=y
2

=>x=2u-vand y=v

X 0
, ol Mﬂf-l‘zz
d(uv) Joy | |01
u v

fuv (u) = e (6 Y) P |
= e'(x*'Y) 2= 29_(X+ y) — ze—(Zu—v+v)

=20 2u-v=0,v=20

u
f,, (uv) = 2e%, u20, 0svs 5

u u
Ya z

fu)= j fuv (uv) dv = I 2e-2dv

0
e
f(u)= 22_e , u20

0 , otherwise

b).(i) Consider the transformationsw =y,
ie.z=2x+3yandw=y

e X = E(z—Bw),y=w
2
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X ox
") | wl |, 2=t
|J|:6(z’w) e TP
: by oy 0o 1| 2
iz w
Given that X and Y are independent random variables following N (0,2)

1 —(x2+y2]
.'.fxy(X,y):8r[_e 8 '—OO<X,y<OO

The joint pdf of (z,w) is given by
fzw (Z,W) :lJ |f)(y (X,“y

- (z-3w)" +w

S P ; |
28
1 m —*l[(Z—SW)2+4w2]
= g %
I6m Ml

2, ol

,—00 < Z,W< 00,

The pdf of z is the marginal pdf obtained by interchanging fzw (z,w) w.r.to wover the range of

w. N ]\
-(z2-6wz+13wW?
-‘-fz(2)=_ |eaz w
16m - / \ - \
1% _kaz_ﬁ_wzls_zl _(l|3_21‘ﬂl|)
= \ \13] |
_— 2 ‘ 32 13 113/ 13/ |
16m © L|\é ‘5”
72 9722 1_( 3_212\) 2 o 132
= 1 v | | 2 ") H‘W 1 -3 (a3t
167 ° wa I =T e I
r=Et2 :dr=1itdtz 1idr=dt=> /r_dr =dt
32 16 13t 13
E\/—_Tdr =dt= 4 r%dr =dt
13\ r32 J3x &
2 4 7 ® 1
— L, Adr
=161 /13x § € % 'Le r
1 Ee 1 i 1 T
= e8 [e'r 2qr = e =__— e 2413)
211@ \/E L m3x /2 2\/f’>\é11
ieZ N[O,ZJE]
b).(i) Given that X and Y are uniform Variants over (0,1)
1,0<x<1 1, O<y<1
~f [x]= and f =
(9 0, otherwise ) 0, otherwise
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Since X and Y are independent,
()=t ()1 ([t 0<xy<t
X X Y~ 7|0, otherwise

Consider the transformationu = iandv =y
y
i.e. x=uvand y=v
ix 0X
J:() XYy) 507:’/ O‘:V
a(uv) Jiy dy| Ju1
U
oy (WV) = fo (xy) |
=v,0<u<oo, O<v<oo
The range for u and v are identified as follows.
O<x<land O0<y<1.
=>0<uv<land O<v<l
=>uv>0,uv<l,v>0and v<1
=su>0andv>0=>u>0

Now ¢ (u) = J' oy (u,v) dv

The range for v differs in two regions
1

f(u)={ fov (uv)dv
et 1

L= S—

=J.Vdv=|2_|_ 2,0<u<l
o 2]
1
. o [ele
f(”)zifUV (uv)dv _IVdV=|\2iJO =2U%, lsusm
(1 O<uc<l

Problem 29. a) If X, X,,...X, are Poisson variates with parameter A = 2. Use the central limit

theorem to estimate P (120 < S, <160) where s, = X, + X, +.....+ X, and n =75,

b) A random sample of size 100 is taken from a population whose mean is 60 and variance is
400. Using central limit theorem, with what probability can we assent that the mean of the
sample will not differ from p =60 by more than 4.

Solution:

a). Given that E(X;) =A = 2and Var (X; ) =1 =2
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[Since in Poisson distribution mean and variance are equal toA ]
ie.p=2and o’ =2

By central limit theorem, S, - N (nu, noz)

S» | N (150,150)
120-150 _ s < 160 -150 \\)
NN
= P(-2.45<12<0.85)
=P(-245<2<0)+P(0<z<0.85)
=P(0<z<245)+P(0<2<0.85 =0.4927+0.2939 =0.7866

~P(120<S, <160)="P

b). Given thatn =100, 1 = 60,0 > = 400
Since the prob;bility\statement is with respect to mean, we use the Linderberg-levy form of

central limit Th orerzn.
2

- y o 0
X NQ HT)l i.e/X follobx/s normal distribution with mean'p " and variance N

e X N (60, Bl |)
X 1 N (60,4)

thesamplewillnot | | -willnot differ from!
differ from60b pmorethan 4l =P VZV%O%?/ mlor%c[hg%%‘

=1
D
QD
=
(@)
=
=
@
0
QD
<

(X -6054
P(56-6052564-601

Tliz 7 ]

Problem 30 a) If the variable X, X,, X,, X, are independent uniform variates in the interval
(450,550) , find P (1900 < X; + X, + X3 + X4 <2100) using central limit theorem.

b) A distribution with unknown mean p has a variance equal to 1.5. Use central limit
theorem to find how large a sample should be taken from the distribution in order that the
probability will be at least 0.95 that the sample mean will be within 0.5 of the population mean.
Solution

a). Given that X follows a uniform distribution in the interval (450,550)
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Mean - b;a ) 450;550 _ 500
(b-a)° (550-450)°

Variance = = =833.33
12 12

By CLT S.= X # X # X # X follows a normal distribution with N (nu, no 2)
S,—nu
no*

when S, =1900, 7 = 2900-4x500 _ _ 100 _ _, 24,

4x 833, 57.73
when S =2100, Z = 2\{00_ 20%% = 100 -1.732

n \4x 83333  57.73

P (1900 < $, < 2100) = P (-1.732 < z < 1.732)
=2x P (0< 2<1.732) = 2x 0.4582 = 0.9164.

The standard normal variable is given by Z =

b). Given E(Xi)=pand Var(X;) =15
Let X denote the sample/mean.
By C.L.T. % follows Ni, V15 )

J

We have to find 'n' such that P(u ~05<X < I+ 0.5] >0.95
ie. P(-05<X -1<0.5)2.95
Ppi-u\< 0.5]2.95

l

P| <o5>095

|

Pl |7 < 05—| >0.95

]
Pl|7<05 \/ﬁ]l >0.95
| J15]

ie P(lz] < 040820 ) =08
Where ' Z ' is the standard normal variable.
The Last value of 'n" is obtained from P( Z |< 0.4082\/ﬁ) =0.95

%

2P(0 < 2<0.4082vn) = 0.95

= 0.4082+/n =1.96 = n = 23.05
~The size of the sample must be atleast 24.
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UNIT -1V CORRELATION AND SPECTRAL DENSITIES

PART-A
Problem1. Define autocorrelation function and prove that for a WSS process {X (t)}

Rxx (-t ) = Rxx () 2.State any two properties of an autocorrelation function.
Solution:
Let {X (t) }be a random process. Then the auto correlation function of the process

{X (t)} is the expected value of the product of any two members X (t,) and X (t,) of
the  process and is  given by Rax (tt2) = EH X () X (tz)]J or
Ry (Lt+1) = E[ X (t) X (t+1)]

For a WSS process{X (t)}, Ry (t) = E H X ()X (t-t )]J

SRy (1) = E[ X (1) X (t+1)] = E[X (t+1) X (1)) = Rt +1-t) = R(t)

Problem 2. State any two properties of an autocorrelation function.
Solution:

The process {X (t)} is stationary with autocorrelation function R (t) then
(i) R(t) isaneven function of t
(ii) R(t) is maximumat t =0 ie, |R[r)|s R(0)
Problem 3. Given that the autocorrelation function for a stationary ergodic process with

Find the mean and variance of the

no periodic components isR(t) =25+

process{X (t)}.

Solution:
Lt Lt 4
2= R(t) = 25+ — =25
Hx T> 0w (T) T> 0 1+6:°
"’|Vl><=5

(X (1)) = Ruc (0) =25+4=29

var (X () = E|x2(t)] -E[ x (1) = 29-25= 4

Problem 4. Find the mean and ;/ariance of the stationary process {X (t)} whose
25° + 36

autocorrelation function R (t ) = T a
. +

Solution:
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36
. B 2—2 +36 B 25+
(1) = 2,4 F24
6.25°+4 6.25+—2
Lt !
p_zz R(’[): 25 :250024
T-0w 6.25 625

W, =2
el x2 ()] =Ru (0) 2,2 =

var x (t)] ={E[x ()]} -E[x (t)|* = 9-4=5
Problem 5. Define cross-correlation function and mention two properties.
Solution:
The cross-correlation of the two process {X (t)} and {Y (t)} is defined by
Ry (tut) = E X ()Y ()] ]
Properties: The process {X (t)} and {Y(t)} are jointly wide-sense stationary with the

cross-correlation function Ryy (t) then
(I) Ryx (T) = ny (—T)
(it [Rey (1) k y/Re (0) Ry (0)

Problem 6. Find the mean — square value of the process {X (t)} if its autocorrelation

function is given by R(t)=¢e s
Solution: / z\\

Mean-Square value = E[[ X2 (t)]J = Rxx (0) = |\e T} =1
=0
Problem 7. Define the power spectral density function (or spectral density or power
spectrum) of a stationary process?
Solution:

If {X (t)} is a stationary process (either in the strict sense or wide sense with auto
correlation function R(t), then the Fourier transform of R(t) is called the power

spectral density function of {X (t)} and denoted by S, (w) or S(w) or S, (w)

Thus S (0) = [WR (t)eocr

Problem 8. State any two properties of the power spectral density function.

Solution:
(). The spectral density function of a real random process is an even function.
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(ii). The spectral density of a process{X (t)} real or complex, is a real function of w and

non-negative.
Problem 9. State Wiener-Khinchine Theorem.
Solution:

If X1 (u)) is the Fourier transform of the truncated random process defined as
[X@) for ft|sT
) o for |t|>T
Where {X (t)} is a real WSSﬂrocess with power spectral density function S (u)) then
s)= Lt [1 gy (0)
o

T->o

X (t)

Problem 10. If R(r)=e”Uis the auto Correlation function of a random

process{X (t)}, obtain the spectral density of{X (t)}.
Solution:

[*]

S(v)= LR (1) et

Il ..
= [ e (coswr -isinwr ) dr

]

= 2Le-2)~I coswr dt

0

2e-2)ﬂ
mﬁ-Z)«coswt +osinet )|

S((D) =#}\
N+
Problem 11. The Power spectral density of a random process {x (t)} is given by
”ﬂ, w| <1
Sux ()= Find its autocorrelation function.
0, elsewhere
Solution:
1” :
Ry (1) o ] i (0)eda
11
=_[ e do
2 -1 1
— 1‘Telmr
‘I
-1
_zﬂe“he-“H

l J
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_ T1” et —g,—” _| sin ¢
il ]

Problem 12. Define cross-Spectral density.
Solution:

The process {X (t)} and {Y (t)} are jointly wide-sense stationary with the cross-
correlation function Rxy (t), then the Fourier transform of Ryy (T )is called the cross

spectral density function of {X (t)} and {Y (t)} denoted as S, (w)

Thus S, (0) = J'R (1)e™ dr

XY

Problem 13. Fiﬁd the auto correlation fuqction of a stationary process whose power
spectral density function is given by s (w) = |<£ 2 for o[l
o for |w|>1

Solution:
R(1) = _1[ S (u)e'do
n J

= irwz (cosur +isinwt )Jdo
2m

, [2 /sinwr\\ /-coswr\ ) /—sinm\ﬂ 1
femsue i | S

1 F—sim 2cost Zsinr\

R(T]= jl T + Tz Tg |J

Problem 14. Given the power spectral density : S, (w] = 1 L - find the average power
+

of the process.
Solution:

R(1)=

im[ S(0)edw
n !

eiundu)

1 I || 1
n _ml 4+ Jz
Hence the average power of the processes is given by

el x2m)]] =r(0)

1 * dw

i ZTJ. 4+’

-0

1 * dw
| R
2n [022+w2
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5§ 112

-0 =",
A by
Problem 15. Find the power spectral density of a random signal with autocorrelation

function e/
Solution:

]

S(o)= [ R(1)edr

o
o]

= [ el ‘(‘COS(DT -isinor ) dr

= 2Le*I ‘c‘os wr dr
| |

-l

e .
A-hcoswt +osinwt )|

+0

=2|lﬁ2 | ]
1 2\
=2'0- 1) =
| Ao ) | 2+
PART-B

Problem 16. a). If {X (t)} is @ W.S.S. process with autocorrelation function R (t) and
ifY (t)= X (t+a)- X (t-a).Show that Ry (1) = 2Rex (T ) - Rux (T +2a) - Rux (T -2a).
Solution:
Ry (1) = E|y(t) y(t+1)]
= E{[X[t+a]-X[t-a]HX[t+r+a]-X[t+t-a)]}
= E[X(t+a)X(t+r+a)]-E[X(t+a)X(t+t-a)]
~E[X (t-a) X (t+:+a)] +E[ X (t-a) X (t+1 - a)
=Rxx[r)—E[X[t+a)X(t+a+t—Za)]
“E|X(t-a) X (t-a+1+2a)| + Re 1)
= 2Ru (1) = R (T - 2a) - Ry (T +2a)
b). Assume a random signal Y (t) = X (t)+ X (t-a) where X (t) is a random signal and

'a’ is a constant. Find Ryy (1) .
Solution:
R (1) = E|Y ()Y (t+1)]
= E{[X[t]+X[t—a)HX(t+I]+X(t+t—a)]}
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—E[X ()X (t+0)] + E[X () X (t+1 -a)]
+E[X (t-a) X (t+1) +E[X (t-a) X (t+1 -a))
=R (1) +Ra (T +a) + Ry (1 -2) + Ry (1)
Ry (1) = 2R (1) + Rec (T +a) + Ry (T -2)
Problem 17. a). If {X (t)} and {Y (t)} are independent WSS Processes with zero means,
find the autocorrelation function of{Z (t)}, when (i)Z (t)=a+bX (t)+CY (1),

()Z(t) =ax (1) (t).
Solution:
Given El| x (1)]] =0 E[Y (1)) =0 - (1)

{X (t),}and {Y (t)} are independent
e{x ()v ()} =€l x @)y )] = 0-(2)
(i). Rz [t E[z Z(t+1),
= E{[a+bX (t)+cY(t) Ha+bX (t+1)+cY [t+r]]
= E{a2+abX[t+r]+acY[t+r]+baX (t) +b2X (t) X (t+1)
+be X (1) (t+1)+caY (t) +cbY (t) X (t+r)+c2y(t) y(t+1)}
- E(a?)+ abE| X (t+1)] +acE[Y (t+1)| +bak[X ()] +b E[X (1) X (t+0)]
+bCE| X (1) y(t+1)] +caE|Y (1)) + cbE|Y (t) X (t+1)] + c2E[Y (1) Y (t+1)]
=a’ +b?R ()+CRY(;)
Raz (1) = E{z(t)zuﬂ)}
= E[aX (1)Y (t)aX (t+1)Y (t+1)
= Ela? X () X (t+1)Y ()Y (t+1)
—aEX t+1 )| E|Y[t]Y [t+1
RH()aR[@wW%)ﬂ[ (1Y (t+1)
b). If {X } is a random process with mean 3 and autocorrelation R, (1) = 9+ 4e-02!|
Determine the mean, variance and covariance of the random variables Y =X (5) and
Z=X(8).
Solution:
Given Y =X (5) & Z =X (8), El| x (t)]] =3—m (1)
Mean of Y = E[Y]=E| X (5) =3
Meanof Z = E[2]=E|X (8)| =3
We know that
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var (Y) = E(v2)-|E(Y)]°
E(v2)=e(x*(5))
But El | x2(1)] ] = Ry (0)
= Q + 4g0201
=9+4=13
Thus Var (Y)=13-(3)° =13-9=4
var(z)=E(z?)-|E(2)’
elz?|=elxz(e)l] [ z=x(9)
= Rxx (0)
=9+4=13
Hence Var (2)=13-(3?)=13-9=4
E[12] = R(58) =9+ 4e0%% | (1 R(t,1 ) =g 4 ggoi )
=9+ 40"
Covariance = R (ty,t,) - el x (tl)]J el x (tz)”
= R(5:8) - E[5] E[8]
=9+ 406 - (3x3) = 408 = 2,195
Problem 18. a). The autocorrelation function for a stationary processzis given by

R, [T]=9+2€‘T‘.‘ Find the mean value of the random variable Y=I X (t)dt and

0
variance of X (t).

Solution:

Given R, (1)=9+2e!

Mean of X (t) is given by
Lt

X =E[x (1) = 1eofe (1)
=|T|itoo (9+2e—\‘\)

X'=

X
Also EI| X2 ()] ] = Ry (0) =9+26° =9+2=11

var{x (t]} = [ (1) [ (x (1)) ]
=11-3*=11-9=2
Mean of Y (t) = E[Y [t]]

9
3
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l[z d|]
=E|[| X (t]dt
| 1{ o
- [elLx ]
E3dt 3

E[Y (1) =6
b). Find the mean and autocorrelation function of a semi random telegraph signal process.

Solution:
Semi random telegraph signal process.

If N(t) represents the number of occurrences of a specified event in (0,t)
and X (t) = (-1)"", then {X (t)} is called the semi random signal process and N (t) is
poisson process with rate A .

By the above definition X (t) can take the values =1 and -1 only
P X (t)=1] = P[N(t)iseven]

e (1t “

=Z K!
[y

setf1e D 4
2
P[X t) = ]—e-“coshkt
P[X (t)=-1] = PN (t)is oddl
e (1t)

= e~ sinhit
Mean{X (t)} = ) KP(X(t)=K)
= 1x e-“coshﬁ + (=1)xe-"sinhlt
= e [coshAt - sinhat |
=g [i coshit — sinhit = e-“]
R(t) = E[ X (t) X (t+1)]
= 1P| X (1) X (t+1) =1 + ~1xP[ X (1) X (t+1) = -1
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= e~coshlt — elsinhk
= e~ [coshir — sinhi |
- e—/\xe—/\x
R [,[ ] - efzh
Problem 19. a). Find Given the power spectral density of a continuous process as
o' +9
Sxx ((*))‘ (1)—4 +5(1)2 +4
find the mean square value of the process.
Solution:

We know that mean square value of {X (t)}

= E{Xz(t)}ziifsxx (0)do

1 @ w +9

=—| ————~du
o [_iw4+a»2+4]
1 = ©+9
2t " +50°+4
1= »®+9

= — dw
md '+’ +4o’+4
1 w’ +9

=H[ 2( 2 1) 4( 5 1] du
P lo®+1+4|0° +
® 0’ +9

ie, E{x?(1)}= H do

0 (mz +4][u)2 +1]

let w’=u
- We have w?+9 _ u+9
(02 +4)(0? +1)  (u+4)(u+1)
-4+9 -1+9
_ 4+l -1¥4 __ O 8 ....Partial fractions
u+4 u+l 3u+4) 3(u+l)
ie., o’ +9 _ 5 N 8
(0)2 + 4)((1)2 +1) 3((1)2 + 4] 3((1)2 +1]
~From (1),

ol |
E{xz(t)}=ijl| U

3
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1 1 ® ’
= -5. tan?t__+ 8tan-lw\

\371} 2 2 l
ol
]

b). If the 2n random variables
E(AZ)—E(BZ)— : Find the mean and autocorrelation of the process

I
R g | |—\‘=’1°_|_|—\

A, and B, are uncorrelated with zero mean and

X(t) = ZA coswt + By sinwt .

Solution:

Given E(A)=E(B,)=08& E(A?)= E(%)= r
Mean: E| | X (t)“ =| Y Acoswt + Brsinw |

r=1

- il[ E(A)cost+ E[Br]sinwrt]
; E(A)=E(B)=0

Autocorrelation function:
= E[X (1) X (t+1)]

=E @ZnAcosm,t + Bysinu,t) [ Acosa, (t+1)+ Bgsino, (t+1))

1s=1
Given 2n random variables A, and B, are uncorrelated

E[A A]E [Ar B:].E[Br A],E[Br,Bs] areall zero for r # s

= Z E[AZ,) cosw tcosw tft+1)+E (Bz]sinm tsine (t#1)

=1

n
5‘ ocosw (t-1-1)
r=

n

Z ocpsw (1)

1) =VYo’osw T
) Z poT
Problem 20. a). If {X (t)} is a WSS process with autocorrelation R(r)er-M‘,‘

determine the second — order moment of the random variable X (8) - X (5) .
Solution:

10
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Given R(t) = Aer!!
R(tut:) = Ae b
el x2(0)) ] = Roc (0) = 0= A
“E[x(8)- X (8)° =E|x?(8)| + E|x?(5) - 2E] x (8) X (5)]|
e[ (8) = &|x*(5) = A
Also E[X (8) X (5)] = R(8,5) = Ae=t?5 & Ae-%
Substituting (2), (3) in (1) we obtain
E[X (8)- X (5))° = A+ A—2Ae-%
= 2A-2Ae
=2A(1-e%)
b). ~Two random  process {x ()} and {v(t)} are given by

X (t) = Acos(w t+8 )Y (t) = Asin (wt +6 ) where A & w are constants and 0 is a

uniform random variable over 0 to 2 . Find the cross-correlation function.
Solution:

Ru (1) = E[X (1)Y (t+1)]
= E[Acos[u)t+9] Asin(w[t+r]+6]‘
= AZE[sin(u)th +6)cos(mt+6)]

10 is a uniform random variables f; [6] = ZL 0<0 <2
m

22m

“Ry (1) = E( sin (ot + o +6)Cos(u)t+9)ﬁ19

: ﬂrﬂ sin (2ot + w1 + 2) + sin (ot)
2 yde
0

2

=A2[_ cos (2ut + wr + 2) +esin(mt)|lzn
L
u :
2

= A—[O + 2usino |
4t

AZ
=—sin
5 01

Problem 21. a). Find the cross-correlation function of
W(t)=A(t)+B(t)&Z(t)=A(t)-B(t) where A(t) and B(t) are statistically
independent random variables with zero means and autocorrelation function
Rutf|= et —w<i<w, R el |7 3100 <1 <00 respectively.

Solution:

11
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Given | A(t)| = 0.E[B(1)| =0

1 A(t) &B(t)are independent

Rus (1) = E|A(t)B(t+1)| = E| A(t) E[B(t+1)| =0

Slmllarly Rea E[B Alt+1) = E[B(t) E[A(t+1)] =0
“Ruz [W Z(t+1 ]

—E{[ A(t)+B(t) HAtH] B(t+1 ]}

= E[A(t)A(t+1) - A(t)B(t+1)+B(t)At+1)- B(t)B(t+1)]

=E[A()A(t+1)| - E[A(t)B(t+1)] +E[B() A(t+1)] - E[B(1) B[t +1)

= Ru (1) =R () + Rau (1) - R (1)

= Ru (1) - Res (1)

_ et _3edl

Ry, (1) = —2e-7!

b).  The random  processes  {X (1)} and  {v(t)}  defined by

X (t) = Acoswt + Bsinwt,Y [t) = Bcoswt - Asinwt  where A & B are uncorrelated zero

mean random variables with same variance find its autocorrelation function.
Solution:

Given E(A)=E(B)=0 & E(A?)=E(B?)=0"
Also A and B are uncorrelated i.e., E(AB)=0
Ru (1) = E[X ()Y (t+1)]
= E{[Acosu)t + Bsinwt][Bcosw (t+1) - Asino (t +r)] }

|[ ABcoswtcosn (t +1) — A’cosutsine (t +1) |

|+ B2sinutcose (t +1 ) - BAsinutsing (t +1)|
= E(AB) cosutcosu (t +1) - E ( A? ) cosutsine (t +1)
+ E(B?]sinutcosu (t +1) - E (BA) sintsin (t +1)
= E(B?] sinutcosu (t +1) - E A?) cosutsine (t +1) (1 E(AB)

=0
=02[sinu>tcosu>[t+r)—cosu)tsinm(tH]H I?(A )=E2(B )
=g 2sinw (t-t-1)
=0 %sinw ()

Ry () = -0 sinwt [ sin(-9) = —sine]

12
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Problem 2(2. a). %:onsider two random processes X (t) =3cos(wt+6)  and
I

Y(t]zzcos(ﬂ“e—' ) where 6 is a random variable uniformly distributed in
2

(6,21). Prove that /Ry (0) Ry (0) 2 Rer (1)

Solution:

Given X (t) 5 3cos (mtﬂ+\6)

Y(t)= 2coskwt+9 - y
2

Rue (1) = E[ X (1) X (t+1)
= E[Scos (wt+8)3cos (wt +or +9]]

:%E[cos[zmﬂm + 29) +COS(—(1)T)]

1
I 8 is uniformly distributed in (0,2 ), f)=—
1 21

2Hcos 2u>t+u>r+26)+cosu)r] dé—

-9 1 'Sln (20t +or +2) |2
2211—\ 2 +fcosr |
9 ’ [Sin(Zwtﬂur +026ﬂ2]I }
= [o+2mcoswt] 1| ol
4 [| | 2 | ‘
9
R, (1)= gcosmr
Ry (0) - E

- E[Zcos\

ﬂ o
t+0 - Z*QLOSG)(“DT +0 - 5 H _\))J

=gE[cos 20t + ot + 20 —n)+cosu)r]

2T 1
2[ cos 2u)r+u)r+26—ﬂ)+cos<m] —
1T
1TS|n[2u)t+u)r+26—n) 2
= +ecos<ur\
T l 2
0
= 2C0Swt

13
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.|

Similarly, R (t) =300 ‘1 -
XY 2

|RXY (T) max :3

By property (2) i.e., \Ri (0)Rw (0) >[Rxr (t) |
i

9, 2 s u\— 7} VT
2

In this care Ry (t)takes on its maximum possible value of 3 at

20 W
Since it is perlodlc

R _OF O=p ()]

b). State and prove Wiener — Khinchine Theorem

Solution:
Statement:

If Xt (u)) is the Fourier transform of the truncated random process defined as
{Ix(t), TetseT
Xy (t) = .
lO , otherwise
Where {X (t)} is a real WSS process Wltq power spectral function Sxx (@), then

Sxx( )= lim [ {|X u))|}|J

T-> oo

Proof:

Given X; (0) = J‘ (t) elotdt
*
I X (t) efotdt

Now [X,(0)]=X (©)X ()

T T

— [ x( ] imhdt 1.[ ( ) _imtzdtz
-T
=717 X(t)X(t )e—lu)tltzdtdt

P 12
.-.E{x (@) }: E[x(t]x[t )\e‘i‘“[ﬁ‘tz]dtdt
[ L. s
T
=TT R(t -t ]e—im(tl—tz]dt dt
I 1 2 1 2

-T-T

14
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TT

= j j U (PR 12 Y—— 1)

1 {X (t)}is WSS its autocorrelation is a function of time difference ie., t; 2 t, =1

A(ET.T) B

A
v

D R C(TAT)

The double integral (1) is evaluated over the area of the square ABCD bounded by the
t;=-T,T & t; =-T,T as shown in the figure
We divide the area of the square into a number of strips like PQRS, where PQ is given by
t,—t, =t and RS is given byt, —t, =t +dr.
When PQRS isat A, t,-t,=-T -T =-2Tand t, -t,=2T and at C
~1 varies from 2T  to 2T such that the area ABCD is covered.
Now dt,dt, = elemental area of the t,,t, plane
=Area of the strip PQRS (2)
At P, t,=0T,t,=1+t,=1-TAt
Q,.t,=T,t,=t,1 =TI IPC-=
CQ=2T -11>0
PC=CQ=2T +1,1 <0
RC=SC=2T -1-di,1>0

When t >0,
Area of PQRS = APCQ - ARCS
e (AR i 3 e
2 2
= (2T —1)dt  Omitting (dr)2 """"""""""""" (3)

From (2) & (3)

15
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dtdt, = (27 - f [ ) - -~ — - (4)
Using (4) in (1)

fx @I} | A0 -1
1 1A - | gflhe
e )|}-M()\k1 %/\dr

2T

LI T(w)z}: lm o 0()d- lim |
T—-02T TT | T—>°°_T/ T—)oo.|‘2T
=Jw0/(T]dT
= FR(T]E’WdT
=5 ()

This theorem provides an alternative method for finding S (w) for a WSS Process.
Problem 23. a). Define the spectral density S(w) of a real valued stochastic
processes{X (t):t = 0}, obtain the spectral density of {Y (t):t20}Y (t)=aX () when

o is increment of X (t) such that Pla=1)=P(a=-1)=".

Solution:
If @X(t)} IS a stationary process {either in the strict serve or wide sense with
autocorrelation functionRJf | then the Fourier transform of RJ[ | is called the Power

spectral density function of [ X (t)} denoted by S (w)
Thus S(0) = | R(1)e-dr

—00

1
Given P{a =1} = P{(X = —1} = E

16
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—E[aZX [t+r)]

-Els HEKX (t+1)

=1E[X(t) t+r]

:(1)P[x (t+1) =1 + (=) P X (1) (t+1) = -1

:(1)2 gﬂn!}ﬂ_l_ M

n=even n=i odd
= e-Tcoshlt — e-"Tsinhkt
= e [coshlT - sinhiT |

-AT o-AT

= e Ml = e—ZAT

0
— j eZ/\Ie—ide _*_]'e—(Z))ae—iandT
0

“h-io  tie

2 -iw+2) -iw

) 4\ - ?

4

N+
b). Show that (i) S(0)20 &(ii) S(w)=S(-w) where S(w) is the spectral density of a
real valued stochastic process.
Solution:

(i) $(0)20
Proof:
If possible let S (w) <0at w =w,

€ .
ie, let S (w)<0inaw, ~f <w<w +°,where ¢ isvery small

2 2
Let us assume that the system function of the convolution type linear system is

17
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f : :
‘1 ,w0—§<w<w0+2—

. e
Now Sy ()= Sﬂe‘fjwﬁrFs (o)

_ S« (0) o _ <o<o+t
2 o 2
(0 , elsewhere

E[Yz } =Ry (0)

1
= om

[orlo
og*
[ Sxx

:1'\1|—\

£
= o Sx (‘”o)

[ Sxx (o) Considered a constant Sxx (o) band

narrow]! E[Yz[t] 20, S Lu) > Owhich is contrary to our initial assumption.

I Sxx (@) 2 0everywhere, since w = w, is arbitrary

(i) S(w)=S(-w)
Proof:

)

Consider S(-w) = [ R(t)ek dr

Let 1 = —uthen di = —duand u varies from B and
S(-w) = J' R(-u)e (-du)
J' R (-u)eodu

[°)

= LR[u]e-‘w“du [J R(t)isaneven functionofr]

=5 ()

Hence S () is even function of w

is

Problem 24. a). An autocorrelation function R (1) of {x (t);—oo <t< oo} in given by

ce!l ¢>0,0>0. Obtain the spectral density of R (1 ).
Solution:

Given R(1) = el

18
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By definition

S(v)= [ R(r)evdr

-0

[ce “tlg=ior gy

|[|a i) a+|u>|J
Qo +a-io |
T - |J
S(u))= 2ac
a2+w2
b). Given that a process Ex(t)} has the autocorrelation  function

Ry (1) = Ae-‘”‘ﬁos(u) 1) whereA>0, B>0 and w, are real constants, find the power

spectrum of X (t).
Solution:

)

By definition S (0] = | R(r)e-'vdr

A cos(w }e-‘ﬂﬂdr

|<__

e-“cos (0 . [cosu)r |smu)r]dr

0

—co
0

]; e-“cosw cosur + A ]2 et CoSw 1 (—sinwr)dr
[
e~ cosw 1coSwr dt

9» [cos(m +o)t +cos(m—m]r]
=2A[e-ﬂr‘ 0 0 ‘dt
Lo 2 |
v - a
Using J;e #coshxdx = 2+ b2

19
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- [ o a ]
S(m)-A|l2 oo e j|2|J

= Aa

0
fx?+[w1 +u)]2 +a2+[wlw \zl
I 0 0)J J
Problem 25. a). Find the power spectral denfity, of the random binary transmission
process whose autocorrelation function isR (1) = || for Tkl

0 elsewhere
Solution:

By definition S(0)= J R(t)e-chr

- - b

1

0
“1+T]€’i““dT +“1—I]e"°“dr
-1 0

1

0
= Hlﬂ]e“““dI +H1—I]e"°“dr
=1 0

. P 0
e—lt\ﬂ _ e—lt\ﬂ
(1”) o rﬁf’lj *

-1

oo 0%

2 Tl —e‘iww

= l_[2 - 2c05w |

1 ; .

2]

[

Lns

[R—

—=

N

2,

S
N

e S &

J”

e |-
s

e

L,
N

w
—
e
—
1

20
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b). Show that the power spectrum of the autocorrelation function e‘““[1+ar|l |is
4o’
(az + w2]2

Solution:

By definition, S () = | R(1)edh

-0

o]

e ‘[‘1+ar “e o gl

|‘_,

<3}

0
[e(ﬂ o) (1-ar dt+[ ~(+) (L+ar ) dr
i

0

-ln- gle Im]f_ B gle-iw)e ] 0 . glovia)t _ e_(MiT)T ] ®
7|t a)(a—'w B ( O”)—lOHIwJ ‘a)(a+iw) ,
| ISP ol
_|(x—|u) 0 —io M a+io T{o+io |
= + 1 Hﬁ 1 . 1 ]

_"T [[a - iu)]2

a-iw a+ru) ‘
2 [0(+iu>]2+[0(—iu)]2

+(X| () 212 ||

F o (- F0) '

l J

2

2a 20 (o -w
2 2 + 2
o0 +w (a2+u)2]
2 (a2+w2)+2a (az-mz)
2
(% +0?)
2 (cx2+w2+a2-w2)
2
(% +0?)
4o

Problem 26. a). Find the spectral density function whose autocorrelation function is

- I e

given by [ ] l
0 : elsewhere
Solution:

21
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8

w
—

e
—

(1)t

—_—
[
—

‘ e*lll)l d‘[

[

- [[cosur — isinur

—

1
L 4 1

-

1
e,

1
-

1l
—
|
T-'l
o
g
=3

=2
_o —coswT . 1 \
[ZIT o]
:ﬁz[slijso; ]l
;nz/th\L)
S(0) = szz )

b). Find the power spectral density function whose autocorrelation function is given by
AZ
R(t) = ?cos(mor)

Solution:

S(w)= [ R(r)e-dr
® A2
= [ A?cos[u)@]e-‘w‘dr
;.
> [ cos (wgt ) [cosur — isinwr ] dr

2 [*)

ol

", . |

cos (w =, )t +cos +m0)r]dt —iHsinEm+mo)r +sin (o —mo)] di|

22
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2| « o
A [cos[u) +w, )t —isin (o +w0]r]dr + J [COS(U) — 0 )t —isin (o —wO)T]dT

—

—00 -0

:iz[ T eilosan)e dfr +re (0w )t dr‘
4l g J

By definition of Dirac delta function

S(v)= i[ elordr
2T

00
]

21 (0) = [ e-lo gy

(1) reduces to
2

S(o)= AT[ZH{S (0 +wo) + 218 ( —wO]]

s(0) = {15 (0+0) 8 (0-0)]

Problem{ g7 a). If the power spectral density of a WSS process is given by
a-o|w<a

SMJ(S— AN

Solution:

find its autocorrelation function of the process.
;|u>| >a

BV
—
—
1l

S(v)ed

N
o A | ol

I
l\)||—‘
—

D | o D |T s s

(a —|u)}]ei°ﬂdt

4

I
D

( a~=|o |)(cosu)r +isinur dj

ot | [N
gJl
oo Y

a—u))cosu)r dw

|
’6" sinot coswr |®
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b).The pov[ver spectral density function of a zero mean WSS process {X } is\given
byS () = | | . Find R(t) and show also that X(t)&xk 1 /‘ are
0

0 ;elsewhere
uncorrelated
Solution:

= i‘ Jedo
2m

(0]

1
J— IU)Id
= "[e w
2
2 b

Il .,

il [ gl el \ |

l J

_ sinog

T

To show that X (t) 2

covariance is zgro. \]
i.e.,c‘,[.x(t)x7ékt+E |

ansider,( H\]Ml m [/ ﬂ\]

cllx(t)xl te _/II =Rxx|\v_/|-EHX(I)J] Ellxl\n

( + / are uncorrelated we have to show that the auto

W,

=0

Hence X (t) 2 X ‘\'H T ) are uncorrelated.
0o

Problem 28. a). The power spectrum of a WSS process {x (t)} is given

byS (w) =

- Find the autocorrelation function and average power of the process.
1+

Solution:

1 o
_ [ e'w‘ do
on .
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1/ 1 e do ------- (1)

2
2, (1+ w’ )
The integral in (1) is evaluated by contour integration technique as given below.

|az

Consider I ( ) where C is the closed contour consisting of the real axis from IR to
+2
R and the upper half of the 0" , |Z| =R
1+Z2=0
Z?=-1
Z=+i
Z =i is a double pole.
Lt
[Res] Z=i= d [(z—i)2+(zﬂ
(z-1)1z i d?l |
w |
1 Lt d 2 elaz
=11 7>z |(271) {TETﬂlJ
Lt d eiaz

=Z-—>i a;-(z+i] \
(z+i ] iae® — e'“2[z+|] 1

z—>||i )* ‘
|

(z+i)i ae'aZ 2e'az |

z—>|| z+i)

et (-2a- 2)( 2e-] (1+ a) e? (1+a)
8(-1) 8i 4

" Res
By Cauchy residue theorem, f (z)dz = 20 iff S a f(z) and taking limits R

c

and using Jordan’s lemma
gl d 2lie'*(1+a) g (1+a)

‘o _reriva) 2
(1+ xz) : 4 2 ?
2T 2 4
Average power of {X (t)} = R(T)Lo
(1+r]eﬂl 1
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b). Suppose we are given a cross -— power spectrum defined by
jbw
a+ P9 wepew
Syy [w] = | W’ S0 wherew >0, a & b are real constants. Find the cross
0 ,elsewhere
correlation
Solution:

1 _
R, (1) = E_J;SXY (0)elrdw

1 )
= _le\la+ &ijdw
21 W

— aﬂ erIH + jb Hu)ejwr ol w
T2 g 2W- T
} | } | [ | |
alleW —g-iw ib We-jWT el \Weriwr T oW
=-2H—‘l—j[—‘+ QH&ALH f— + o+ — _TZJJ
_ aSiQIWT | +mje1wr _9—er \ ]‘L m! 2”8ij _eéjwﬂ ‘
i l

l |
_ asin WT] bcos(Wr] bsin (Wt )

zlr\a - 5[

jm (wr +bzcos(Wr]‘ |

Problem 29. a). The cross-power spectrum of real Random process {X (t)} and {Y (1)}

is given by S (03] = la+ jbo; 1n |<1 . Find the cross correlation function.
X 0 ;elsewhere

Solution:
1° _

RXY (T) - E_J;)SXY [m]elw‘dw

1 1
_ a+ jbu) er‘du)
21‘[
a

A
=211_[31Jﬂj + bHu)eJ““ Tzer

QFJH_ ”[ g!‘;fgﬁif; )
a blelk-g Jf gl _e Jr
__[smr]+ _Jl_l i x 215[ 2

_asin N bcost  bsin

T T mr
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= 1 [[ar —b)sin +brcos|

mr
b). Find the power spectral density function of a WSS process with autocorrelation
function. R(1) = e .
Solution:

_ _L “ dr
Now let, akﬂ 'i} =u? i.e.u=\/a_(t+ii\

2a

du=+/a dr

and as, T -oo,U—> -00 andas T — oo, U - o

w? ®

2Sy (@)= — e du

ha J'm \/a

o
= ev?_z[e—uzdu .. e~ iseven
0
= e i ....IStandard Result : [ eX'dx = Jx
Ja 2 A 2
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_(1)2

‘l'[ JE—
S W)= 43— a
i (0) = | e
Problem 30. a). The autocorrelation function of the random telegraph signal process is
givenby R(1)= aZe-21!| Determine the power density spectrum of the random telegraph

signal.
Solution:

Sxx ((l)) = J'RXX (T ]e—iundl- = JaZe—Zvr@—iwIdT

0 o
- a2 ]' e—Z}'x‘é—iwxdT + aZJe—Zvr e_M“dT

Lo 0

0 ©
- a2 ]' e—Z\g(—x) e—iwx dT + aZJe—Zv(r)-e—iwId,[

-0 0

0 ©
— az ]' e(Z\"—iw)I dr + azje—(2y+im)rdt

-0 0

[ e(Zy—im)I }0 [ e (2r-ia) }m
=a’| +a’]

(2-iw)],  [-(2-)]

=(2v—' ) )

i](—l)

H

(2
1,1
+

\

H 4ay
.., SXX( ) a \4}/ +0° J=4y +0°

b). Find the power spectral density of the random process {x(t]}if E{x (t)}=1

andR [t ) =1+er /!
Solution:

[°)

S(w) = IRXX (r)e™dt

-0
0 0 0 0

—ut | ot i i i
= J [p_+ e l q lor gt — jwe_lm(dt + [ Qie_mdf + [e““%"‘“dt
=9 (u)) + 1 + L
a-iw  a+io
20

=6 (0)+
a’+ o

*kkkkikk
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UNIT -V LINEAR SYSTEMS WITH RANDOM INPUTS

PART - A

Problem 1. If the system function of a convolution type of linear system is given by

-— forft|<a , : :
h(t)=|2a find the relation between power spectrum density function of
lO for [t >a
the input and output processes.
Solution:,

H(0)= | h(t) e widt = ona

amw

We know that S,, (o) = H (0) |8 4 (0)

sin” aw
=1 Syy ((1)) = WSXX ((1)) .
Problem 2. Give an example of cross-spectral density.
Solution:

The cross-spectral density of two processes X (t)Jand Y (t)is given by

. (w)=(|p+iqu), f o<1
X 0, otherwise (n ostel
. 0<ts

Problem 3. If a random process X (t)is defined as X (t) , where A is a

lo, otherwise

random variable uniformly distributed from -6 to 6.Prove that autocorrelation function
2

of X (t)is 6_
3
Solution:

Ry (t,t+1) = E| X (t). X [t +1)

= E[[ AZ]J | x (t) s constant]J
But A is uniform in (4,8)
1 (8)= 2%,—9 <a<h

[

“Ryx (t.t+1)= Ja2f (a) da
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_ 1 [93_(_9]3}: 1 293:62
at l &° 3

1 . .
Problem 4. Check whether 119 is a valid autocorrelation function of a random
+

process.
1

Solution: Given R(1)= ——-
1+9
1 1
R -T|= = R T
( ) 1+9(—‘[2) 1+9[2 ( )
.-.R(r) is an even function. So it can be the autocorrelation function of a random

process.

Problem 5. Find the mean square value of the process X(t) whose power density spectrum
4

is

4+
Solution:

Given Sy, (0) = 4

4+’
1 = .
o I Siy [u)]e"wdu)

Then R, (r)=

-0

Mean square value of the process is EH X2 [t]J] = Rux (0)

1
= ? l Sxx ((1)) dw
1~ 4
- _J' ——da
2 4+
SAPT L g [ 1 ]
1) 4+@’ | 4+0* is even]
£1 ol° 2
=_._|tant_ =_(tan-1oo-tan'10]
112 2—[ 2’0 T
= _T[_Zl
2
" {1 (0<t<T
Problem 6. A Circuit has an impulse response given by h(t) _ T_ find the
0 ; elsewhere

relation between the power spectral density functions of the input and output processes.

Solution:
.

H(0) = [h(t) e
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.
le“‘“ tdt

“[;
:Tzﬂe'_w

-iw ]0
-1
l
= '1_ e—in l
Tiw
S (0)= H (0)f s 4 (0)
(1_ e-in )2
= wlT? Sxx ((D)
Problem 7. Describe a linear system.
Solution:
Given two stochastic process {X1 [t]} and{x2 (t)} we say that L is a linear
transformation if
L[a;LX;L (t] +a, X, (t)] = alL[ X1 (t)] + azL[ X, (t
)

Problem 8. Given an example of a linear system.
Solution: x(t).
Consider the system f with output tx (t) for an input signal
ie. y(t)=fIx (O] =tx(t)
Then the system is linear.
For any two inputs X (t),x.(t)the outputs are tx;(t)jand tx,(t) Now
f [al X1 (t) +ady Xo (t]] = t[al X1 [t) +ady X (t)]
= aitxg (t) + aix, (t)
=a f(x(t)+af(x(t)
~the system is linear.

Problem 9. Define a system, when it is called a linear system?
Solution:

Mathematically, a system is a functional relation between input x(t)and output y(t).
Symbolically, y(t) = f H x(t]“ —0<t< o,

The system is said to be linear if for any two inputs x(t)and X, (t)and constants
a,a,, f [al X (t) +az % [t)] =a f [xl [t]] +a,f [xz (t)] .

Problem 10. State the properties of a linear system.
Solution:

Let X; (t)and X, (t) be any two processes and a and b be two constants.

-e] 1‘ |

J

3



Unit.5. Linear System with Random Inputs

If L is a linear filter then
L[al X1 (t) + a2 X [t]] = alL[xl (t]] + azL[xz (t]] :

Problem 11. Describe a linear system with an random input.
Solution:

We assume that X (t) represents a sample function of a random process{X (t)}, the
system produces an output or response Y [t) and the ensemble of the output functions
forms a random process{Y (t)} The process {Y (t)} can be considered as the output of
the system or transformation f with ~ {X (t)} as the input the system is completely
specified by the operator f .

Problem 12. State the convolution form of the output of linear time invariant system.
Solution:

If X (t) is the input and h(t) be the system weighting function and Y (t)is the output,

then ¥ (t) = h (£)* X (t) = [ h(u) X (t-u)ay

Problem 13. Write a note on noise in communication system.

Solution:

The term noise is used to designate unwanted signals that tend to disturb the transmission
and processing of signal in communication systems and over which we have incomplete
control.

Noise
v ' v
Uncorrelated Noise Correlated Noise
N ' v .
Internal Noise Exter|na| Noise
v V. ¥ _ v
White Sﬁ\ot Partltlon Atmospheric Man made
Noise, Noise Noise Noise Noise
Thermal
Noise
Problem 14. Define band-limited white noise.
Solution:

Noise with non-zero and constant density over a finite frequency band is called band-
limit white noise i.e.,
No o <o

1

S ((D) = l 2 | B
0 , otherwise

Problem 15. Define (a) Thermal Noise (b) White Noise.
Solution:
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(a) Thermal Noise: This noise is due to the random motion of free electrons in a
conducting medium such as a resistor.

(or)
Thermal noise is the name given to the electrical noise arising from the random
motion of electrons in a conductor.
(b) White Noise(or) Gaussian Noise: The noise analysis of communication
systems is based on an idealized form of noise called White Noise.

PART-B
Problem 16. A random process X (t)is the input to a linear system whose impulse

response is h(t):Ze-‘,tzo. If the autocorrelation function of the process is

R (1) = e !l find the power spectral density of the output process Y (1)
Solution:
Given X (t)is the input process to the linear system with impulse response
h(t) =2e"t>0
So the transfer function of the linear system is its Fourier transform

[*]

H (o) = j h(t) et

-0

[ 2et,t20)

J: 2e7e ot
Z[e (o)t i

e—(1+|<n]t -Im
-(1+iw) I,
-2
T o [0 _1] i
Given R,, (1) = e2!!

=~ the spectral density of the input is

Suc 0] - [ Reoc (e

2
1+iw

J' p2 b\-iuﬂ dr
0

[*2}

Le |undr+[62re|mrdT

0
= [ez"” dr+[ 2*"“dr
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. 0
B e(Z-lu))t
2-1w

1
—[1- 0]-
910
1 1
= . + -
2-10 2+iw
2+iw+2-iw 4

ooy “”

¥ -(2+i0) ly

1
i is [0-1]

(2+iw)(2-i0) 4+0’
We know the power spectral density of the output process Y (t) is given by

S (0) = H (0) 15 1 (0)
2 [ 4
1+iw | 4+’
4 4
(1+ wz) brot

~ 16

(o))
Problem 17. If Y (t)=Acos(wt+0)+N(t), where A is a constant , 8 is a random
variable with uniform distribution in (—n,n) and N (t) is a band-limited Gaussian white

No for w-o0 <o

noise with a power spectral density Sy ((o] =2 0 B . Find the power
lo, elsewhere

spectral density of Y (t). Assume that N (t)and 6 are independent.

Solution:

Given Y (t) = Acos(wpt +0) + N (t)

N(t) is a band-limited Gaussian white noise process with power spectral density

S (0)= lzt“f"” o] <ws i W m0y <o <w, +ag
Required Sy, (0) = J'RW (r)e™dr

Now Ry (1) = E|Y (1)Y (t+1)]
= E{[Acos[mot +§)+N [t)] [Acos[wot +og +8)+N(t +r)]}
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t+o1+0)+N(t)N(t+1)+Acos(o t+)N (t+tﬂ

0 0

_ < [AZ coso(u) t+6)cos(

L+Acos[m0t+m01 +§)N
= A? [cos(mt+9).cos[mt
0

ﬂ

+— e

2)1+9 EJ[N i[ t+1] J

+AE [cos (u,t +0)] E[N (t +1)]
+AE[cos (ot + +6]] E[N (t)] [ 6and N (t) are independent]

AZ
= T{E [cos[Zmot +,t + 29]] + COS(DOT} + R (1)

+AE[cos(u)ot+9]] E[N(tﬂ)] +AE[cos (wot + 0y +26)] [ (t)]}
1
Since 6 is uniformly distributed in (-mt,m) the pdf of 6 is  f(8)= o - <f <
T
E[cos( t+9]] = [cos[w0t+6) f(8)do
s ! 1
[ [cos wt. cosh - sinw,t.sing | Pl
b : .
Zﬂi‘coswo [cosede sinwyt {smede\
21 coswt[sme] —sinu)t.ow =0
211l ° -1 0
- ! 1
Similarly E[cos[2w0t+w0r + 29]] = {cos(2w0t+wor +2) o df

bt

Z_HCOS 20t + 0t ) €05 20 = sin (2wt + o4 ) sm26]d6

= 2i €S (20t + 0 ) { cgs 20 df — sin (2wt +<u0r)[ sin 26 db } )
1
1 } Tsina]' }]

=T(:05[2u)0t+u)or).| T‘ —sin (20t +0g).0[ = 0
A? B

Ry (T) - 5 —COS Wy + R [t ( ) l
0 2 —iwr
Svy (u)] = “ [fc_osu)or + Ry [r) \e dr

8
o

= e [ COSw [Oe—imrd-[ + J. RNN (T)e—i(m dt

= (0)-0) 0)+8[0)+(D0 )}+SNN ((1)]
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N
T i ) g g,
Problem 18. Consider a Gaussian white noise of zero mean and power spectral density

Ny applied to a low pass RC filter whose transfer function is H (f] = ; Find
2 1+i2m fRC

the autocorrelation function.

Solution:

The transfer function of a RC circuit is given. We know if X (t) is the input process and

Y (t? is the output process of a linear system, then the relation between their spectral
densities is Sy (w)=H(w) § (o)

2
XX

The given transfer function is in terms of frequency f
S (1) =[H ()] 5 (1)

o (1) e 2

Ry ()= s, (s)edu

L gy

m’ 1+4n T RC 2

2m) f

N el
=t |, o7 -|df
[ )

_ N . ]?0 / eI (ZTH f’) df

6nRC | 1 )+f2
n

© imx T _-ma
e
We know from contour integration L , L, dx= e .
La +x a
~R ‘(‘[ = No T e_;RC
! 16n’R2C? 1
2n RC
- N onrce e
16m °R? C2
=_NL e_zTRC
8nRC

Problem 19. A wide-sense stationary noise process N(t) has an autocorrelation function
Rw (1) = Pe-%| where P is a constant Find its power spectrum
Solution:
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Given the autocorrelation function of the noise process N (t)is Ry, (1) = Pe-*!!

o]

~Sw (0) = J'RXX (r)e™dt

-0

-0

(o - % 1
- th e g +[e‘3‘e"‘“‘dr |

0

) 0

= Pi(_[o S +[ef3+i‘“dr% }

] {( w0 | gty |

' 13 'wJ_w \ (g+nw)'10§
=P 3— —3+iw (0 1]
N VV |

| 96Re

{ !

Problem 20. A wide sense stationary process X(t) is the input to a linear system with
impulse response h(t)=2e",t=0. If the autocorrelation function  of X(t) is

R (1) = e-“!! find the power spectral density of the output process Y (t).

Solution:
Given X(t) is a WSS process which is the input to a linear system and so the output
process Y (t) is also a WSS process (by property autocorrelation function)

Further the spectral relationship is S, (0) = H (o z‘ w ()

Where Syx (oo) = Fourier transform of Rxx [ )

[°]

= J' Ry (r)e™dr

*oo

—4I‘é ior dT

I
s

- eAIe—iu)IdI +[e—04re—iund.[

[*2}

—_—ot—— o

e 4—iu))dI +[e—1(4+im)d,[
) 0
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=Jgemlf o]t

| I, | lo

R N SN I e -]
4-iw 4+in

1 1

T 4-iw  4+iw

S (u)): 4+iw-4+iw _ 20w
XX (4-iw)(4+i0) 16+0°
H () = Fourier transform of h (t)

o]

= [ h(t)et

[ h(t)=0if t<0

o (o) ] ®

NEZDi

e —gl| =——

T+iw T+iw
2 2

""|*(‘*’)j“ |7+i<2|=m
Tl(u)) |: :
49+w

Substituting in (1) we get the power spectral density of Y(t),
4 2iw 8iw
Syy ((1)) = 2" 2 = :
9+w° 16+w (49+w2)(16+m2)

Problem 21. A random process X(t) with R,, [r] =e-?lfs the input to a linear system

whose impulse response is h(t) =2e",t20. Find cross correlation R,, [r) between the

input process X(t) and the output process Y (t).
Solution:
The cross correlation between input X(t) and output Y (t) to a linear system is

Rer (1) = R ()0 ()
Taking Fourier transforms, we get

So (0) = Ruc () H ()
Given Ry, 1) =e?!|

10
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€]

S () [Ry (e

-0

—Zx‘é iwr d.[

“—‘8

(e}

S)
8

[«

s Ilmd I(A)Id
lfe e r+[ 1

e —in)t dr +[ 2+|ourdT

.wﬂ" o~ (2+iv) }"’
2- |w] -(2+iw) ly
" 05,09
1 . 1 _ 4

200w 2+i0 4+

“ H(w)= [h(t)ewo

]

J' -t griot gt

2[) -(1+iw)t dt = 2|

[ e—[1+im]t

, [~ (1+i0)];
- _ 2
1+iw [O _1] B 1+io

4 2
“Su (0] = 4+o’ 1+im
= 8

(2+iw)(2-iw)(1+in)
8

A . B . C
(2+i0)(2-i0)(ti0)  2+i0 2-i0 I+ie
:8=A(2+i0)(1+iw) +B(2+iw)(1+iw)+C (2+iw) (2 -iw)

Put o =i2then 8= A(4)(-1) = A=-2

w=ithen8=C(1)(3)>C="°

w=-i2then 8=B(4)(3)=>B= 2

2

-2 3 8/3
.‘.S wl= + +
X ( ) 2+iw 2-iw l+iw

11
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Taking inverse 7(0urier \ransfom/ \ / \
_2 | 33 n F_l ﬂ

R (t)=F" ++F-

X \2+iw |/ (Z—iw |} \1+iw |/

=-2e7(1) +_2 efu(-)+ 8_e‘Tu(r]
3 3
Problem 22. If X(t) is a band limited process such that Sxx (w) =0 where ¢ o  prove

that 2[R, (0) ~Rux (1)) <07°R  , (0)
Solution:
Given Sxx (0) =0, o 4o

=55« (w)=0ifw<-0 orw>0

1 .
Ry (1) o '[ Sy [w]g"wdw
_ 1.y (0)edw

] o
1 o
= E[ Sxx (0] (cosw +isinw ) dw
= ZnI_%{LOSXX (o) costw dw +i { SXGX (0)sinw dw}
[ Sxx (0)costodo = Z[Sxx (0)costwdw and [ Sxx (w)sintodw =0
-G 0 -c

1 o
» Ry (1) = 2;2—{ Sxx () costwdw
0
1 (9
= H—Jl Sy (0 )coswdw

0

~Ry O E —I S (w)dw (1)

-0

We know that sin’0 <6’

12
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L[
2sin? | o )| 1 o /
2 2

:& i[iOsws%,w 250”

s o ISXX ((A))d(l)
<25 Ry (0) [Using (1)]

22[R 4 (0)-Rax 1)) <0%42R 1 (0)
Problem 23. The autocorrelation function of the Poisson increment process is given by

R(r)=<|{z A/ for t pe

l}ﬁ E—k —g for { ke

2 wt

. Prove that its spectral density is given by

4) sin
S(o)=20%(0)+
Solution:

. . i _|7\2 / \\ fort>-€ort>€
Given the autocorrelation function R(T] = A

7\2+“)§— U} for -e<t <€
€ €

0

= The spectral density is given by S (0) = [ R (1)e-*dr, by definition

-€ € ©

= [ R(r)edr + [ [ ) —‘7dr +[ \\[ Je-fedt

-0

1“8 ol + ‘)\2 4&‘1 |;|/J de+ 126~

-0

- [Aze—kmdr + “2 e-fodr + Xze o gt + ‘&’1 /‘e—nmd,[

-0 -€

-0

€

= [Verhat + ] Ql—

)

—_

|le~™dr

™ |

13
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=F (1) + 2—]. \( —g/(cosw)—isinrw )

Where F (Az) is We Fourier t>\ansform of )\2

S(w)=F ()«2) “1— 1 |||costwdr —i ‘1 |‘ | ‘Slnrwdr _____ (1)
20 e
But {1- g COStw IS an even fu ction fr and\l Si ru) is an odd function of 1

3

[B— EMTMT :Oe/a J{\ J{ ‘cokr(l))ﬁ ‘1— co ru)dr_(F >0;1 | |:r)

0

S(w)=F (Az) + 6_02\1 11- E—/cosru)dr

1E Q(S'Tﬂ\ﬁ(\%)/)wh )J”E [by Bernoulli’s formula]
} 0

Fil
=F(12)+ 2[%hflgvm—legmw )
¥ l
=F(1?)+ 2Ho— (cosew —cos0)
|[ €0’ |J

€
2 [1-cosew]

FE)
-F ()\2) 57\ s , E®
4)%2 (*.)2 EW 2
S)=F)s = (1)
€2 w? 2
To find the value of F (7\2) , we shall find the inverse Fourier transform of S(m) )

R(r)=F (())
S

[ e""‘ do
©

Consider S[ =21 (0], where § () is the unit impulse function.

—i[ 20% () e'dl
om

)

=1* [i (0)e'du

€]

=21 [ [op@)c=0(0)

-0

14
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€]

=)\ = [ei‘"‘ﬁ (0)do=¢€=1asg(w)=e"

Thus A°=R(t)  Taking Fourier transform

() =FRE)=SW)=2il) [

Substituting in (1) we get S (@) =207 (0) + 2 '2 2 \\.2 |/
€ w

Problem 24. Suppose X(t) be the input process to a linear system with autocorrelation

Ry (1)=3(r)and  the impulse response H(w)= ; 1_ , then find(i) the
+1w
autocorrelation of the output process Y (t). (ii) the power spectral density of Y (t).

Solution:
Given R, [

1
6+iw

J=di(t)and H(w)-=

[°]

= [36 (r)e-dr

—“0

Weknow [ ) 9 )

Here g (1) =e- +(0)=1

-'-Sxx ((D) =3.1=3

We know the spectral relation between input and output process s
Sy (©) = H () 18 w ()

1
But [H ()] = o

=Sy (0) = ﬁ—which is the power spectral density of Y (t)
Now the autoforrelation\\of Y()is R (t)=F'(s (o))
YY YY

R (t)=F"
" \(36+m2|/\)
We know gl 2a 1 aVl
Wz 7
:R(1)= 3 pal 26 [Herea =6]
Yy A
2.6 k o

15



Unit.5. Linear System with Random Inputs

|
=
=

(i) Syy (w ( Ry (T]efi““dT

1]
T R

61 —itw

e [|e

-l>||—\

6I—iw1d,[ +J' - 6+iwrdr%

[ a.wﬂj ~(6+iu) }

1 (1 O)— (O 1]1
k6 - W +iw
1

1
o,

6-iw 6+
(62103

1
M AP s ‘—J N

—%—R
l—
8 o
N—— g
+

—

+

| E sl P~

|
1 127$ 3

2

4\36+0 ]  36+0
Problem 25. Show that the power spectrum Sy (u)) of the output of a linear system with

system function H (w) is given by S, (0)=$ , (0)H (w” where S (w) is the

power spectrum of the input.
Solution:

If {X (t)}isawsSandif y(t) - fh(a)x (t-o) da

Zoo

We shall prove thatS,, (o) =S ,, (o)1 (@) ].

Consider Y (t) = j_mx (t-a)h(a)da
X (t+1)Y(t) = [i( (t+1) X (t—a)h(a)da
E[X (t+1)Y (1)] = [E[x(m) X (t-a)|h(c)da

R (1) = LRXX (1 +a)h(«)da

o

Ry (1) = [ Rxx (1 =f)h(-B)dp

-0

16



Unit.5. Linear System with Random Inputs

Ryy [T] = Ryx [r]*h[—r]

o]

Y (0¥ (t=1) = [ X (t=0)¥ (t=r)h()de

-0

aﬂYMYUﬂ”z[%dﬁﬂ%hﬂa

Assuming that {X (t)} & {Y ()} are jointly WSS
RYY(T):RXY(T)*h(T) """""" (2

Taking Fourier transform of (1) we get

Sxy (0) = S (w) H* (0)-------- 3)

Where H *(w ) is the conjugate of H (w)

Taking Fourier transform of (2) we get

Swy (00) = Sxv ((D) H ((D) """""" 4)

Inserting (3) in (4)

S S |(£))| (©)

Problem 26. A system has an impulse response h( ) e-f'U (t ( ) find the power spectral

density of the output Y (t) corresponding to the input X (t).

Solution:
Given h[ )=e-ﬁ‘,t20

H(w)=

H (0) = [ee-tdt

0

(t) e-lolt

8|<—.8

— Te—t(ﬁnw)dt

g t(b+ia) }""

1

(0)=

|H(w)(f
|

-iw

;

HUW’(M\

1 1
™

B+iw ”/B\ o

17



Unit.5. Linear System with Random Inputs

SXX
Sy (0) = B’ +((:z)

Problem 27. If X (t) is the input voltage to a circuit and Y (t) is the output voltage,

{X (t)} is a stationary random process with b, =0and Ry, (t)=e? ' .Findp,,Sx (o)

andS,, (w), if the system function is given by H (w ) = —; T
w +
Solution:

Given Mean H X (t]]j =q, =0

Y(t)= J' ha) X (t-a)da

(o7 +a)
Problem 28. X (t) is the input voltage to a circuit (system) and Y (t) is the output
voltage. {X (t)} is a stationary random process with p, =0 and R,, (r) =¢. Find

R
R+iLw

W, S, (0)& R, (t) if the power transfer functionis H (w) =

Solution:

o

Y(t)= J. ha) X (t-o)da

—00

18



Unit.5. Linear System with Random Inputs

3\ [t]} -0
S (0) = '[ORXX (1)e™dt

— ooem e~ +[ e;m e g

Agewl e =0 g
| |, | I, 0
Sy (0) =S4 (0) H (0)]
_ 2« R
a’+w? R+ L%0?
Consider,
20 R? __A , B

(% +0?)(R* + L'0?) Talvel R+ L

By partial fractions

By contour integration technique we know that

g iaz

1.5 Jdz=

-z . Z

@_eﬂab, a>0
z +b b

oo

19




Unit.5. Linear System with Random Inputs
(R\Z (R\Z
7| Nl JB\TH
. |
Ry (1)- ot ¥

e

Problem 29. X (t)is the i/P voltage to a circuit and Y (t) is the O/P voltage. X (t) is a

stationary random process with zero mean and autocorrelation R,, (1) = e-2| Find the

mean of Y (t) and its PSD if the system function H (w) = ] 1+ -
w
Solution:
JORE
S o +2
SH(0)=1
vt -l o)
- 4
F‘T) F[e-z‘} =
x l | ,
w +4
4
Sy (‘*’)_|H (‘”)rsxx () = »
(07+4]
0 2
+E(Y?) = [(2+1)(9+2¢ )dr +|(2 1) (9+ 2e Jdr
-2 0 0 2
9’ I 9’ |
=118 +4e + _ +2e(1-1)] 4|18 -4de - _ 2e7(1+1)|
2 , 2 .
-E(Y;) = 40.542
Var(v)=E(v?)-|E(Y)]’
=40.542 -36 = 4.542
Problem 30. Consider a system with transfer function . An input signal with
1+iw

autocorrelation function mj (r] +m? is fed as input to the system. Find the mean and

mean-square value of the output.
Solution:

Given, H (u)) =

1

o and Ry, (1) =mi(1)+m?
Six (0) =m+2tm% (v)

We know that, Sy () = |H (m)’z S (@)

20



Unit.5. Linear System with Random Inputs

2

: m+21m?% (o
= e [rL +21m% (u)(ﬂ]]
1+ 0’ [ J
Ry () is the Fourier inverse transform of Sw ().

m
so, R, (1) = Ee‘T‘ L+ m?

lim
We know that Ryx (T) =X
To ™
ﬁ
So X =M?
X =m
Also H (O) =1

We know that Y = I, m=m

_ m
Mean-square value of the output=Y = Ry (0) =E +m’

Problem 31. If the input to a time-invariant, stable, linear system is a WSS process,

prove that the output will also be a WSS process.
Solution:

Let X (t) be a WSS process for a linear time variant stable system with Y (t)as the
output process.
Then y () = lh(u) X (t-u)duwhere h(t) is weighting function or unit impulse
fesponse.
<E[Y (1) = [ Eln(u) X (t-u)] du
=fh(u)EH X (t-u)l] du
Since X (5 is a WSS process, El | X (t)J] isa constant ~ for any t.
Hx

Elx(t-0)l] =

)

SElY (1) = [ (1) d
= Hy } h(u)du

0

Since the system is stable , J' h(u) du is finite

~E [Y (t]] is a constant.

21



Unit.5. Linear System with Random Inputs

Now Ry (t,t+1)= E|Y (t)Y (t+1)

=E [h[ul]x [t—ul]dulj h(uz) X (t+1 —uz)duz\

—® -0

= B[ [ h(w)h{u2) X (t= 1) X (t+r ~up) dusg |

—00 —00
0 00

= [ [{w)h(w) E[X (t-u) X (t+1 -u.)] duw,

—00 -00

Since X (t) is a WSS process, auto correlation function is only a function time difference.

0 00

RYY (t,t +T] = [ [ h(Ul]h(Uz)Rxx (T + U —Uz)duldUZ

When this double integral is evaluated by integrating w.r. to u,, uy, the R.H.S is only a
function of t .
» Ry (t,t+1)is only a function of time difference 1 .

Hence Y (t) is a WSS process.

©

Problem 32. Let X (t)bea WSS and if Y (t) = I h(u) X (t-u)du then show that

) Ro (t)=h(t)*Rx (1)

b) Rwx (1) =h(—=)*Rxx (1)

c) Ry(t)=h(t)*Ry (1)

Where * denotes the convolution and H* (w) is the complex conjugate of H ().
Solution:
Given X (t)is Wss-E || X (t)]] is constant and
Rxx (t,t+1) = Rux (1)

Y (t) = fmh(u) X (t-u)du
Now Ryy (t{t*‘f]:E[x(t)Y(tH)] ]

= E| X (t) [h(u)-X (t+1 ~u)du]

[ -0
o) 0

-E [h(u)x(t)x(m-u)du\J:[h(u).E[x(t)x(m-u)ldu

—» -0

Since X (t)is a WSS Process,
E[X (t)X (t+1 - u)] = Rux 1 ~u)

)

“Rxy (tt+1) = [ h(u)Rxx (t —u)du

-0

22



Unit.5. Linear System with Random Inputs

= Ry (1) = R (T)*N (1)
(b). Now Ry, (t) =Ry, (1)

= Ryv (=1)*h (=) [ from (i)]
= Rux (1)*h(=) [Since Rx (1) is an even function of 1 ]
©). Rw (t,t[—i]:E[Y (t)Y (t-1) |

=E [h[u] X (t—u]qu(t—r]\

-0
0

[X[t—u]Y(t—r]h(u]du\

-0

=E

€] ©

= [E[X (t-u)Y (t=1)[n(u)du = [Rur (- u)h(u)du

Lo -0

It is a function of t only and it is true for any t .
R (1) =R (1) ()
Problem 33. Prove that the mean of the output of a linear system is given by
u,=H (0) py , where X (t) is WSS.
Solution:
We know that the input X (t) output Y (t) relationship of a linear system can expressed

as a convolution Y (t) =h(t)* X (t)

=j h(u)(t-u)du
Where h (t) is the unit impulse response of the system.
~the rrTean of the output is

e[Y (1) = £l h(u) X (t-u)aul J= [ n(u)E[ X (t-u)| do

Since X(t) is WSS, E H X (t)J] = iy is a constant for any t.
el X (t-u)l] = n,

“E[Y () = [ h{u)ie du = [(u)du

—c0 -0

0

We know H (m) is the Fourier transform of h (t)

e H(w)s= Ih(t)dt

=00

0 ©

put o =0 +H (0) = | (1) dt = jh_(u)du
SE[Y (1) = 1 H (0).
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UNIT —-I RANDOM VARIABLES

PART-A
Probleml. X and Y are independent random variables with variance 2 and 3. Find the variance

of 3X +4Y .
Solution:
V (3X +4Y) = 9var(X) +16Var(Y ) + 24Cov(XY)
=9x2+16x3+0  (~ X &Y are independent cov(XY) =0)
=18+ 48 = 66.
Problem 2. A Continuous random variable X has a probability density function F (x) = 3x;
0<x <1 Find‘a’suchthatP(x<a)=P(x>a)
Solution:
We know that the total probability =1
GivenP(X <a) =P (X >a) = K(say)
Then K+K =1

K_1

|eP(X<a)- (X>a)-

2
Consider ( ) 2

—n

2
1
E\
1 /3
<13
(Cxe'x; if x>0
Problem 3. A random variable X has the p.d.f f (X) givenby f (x) =
KO if x<0

Find the value of C and cumulative density function of X .



Solution:

o]

Since J-f(x)dle

-0

o]

[Cxe-xdx =1

c|x(-e)-(e")]" £1
- :]( xe*; x>0

)(%{ \0 ;x<0

X ) _t]x .

CI)FF(xy=U[xpt=ﬁedt=pm -e | =-xe -e +1
= 1- (1+ x)e™.

{E(X+1);—1< x<1

Problem 4. If a random variable X has the p.d.f f (x) = T
( 0 ;otherwise

Find the mean and variance of X .
Solution:

1

1
Meanzjxf (x) dx = lj X +1 dx—%j xz+x)dx
1

Jzi °f
B \ 7 "3
vzt (o= (0 o= x|t
’ L 2L 2[4 3],
1l1 1 1 1]
=—| -+ —-—=-—+ —
214 3 4 3
12 1
2373
| 2
Variance = u (u )1
-1.1_3-1_2
39 99 {fZe-ZX;xzo
Problem 5. A random variable X has density function given by f (x) = .
i Xx<0
Find m.g.f
Solution:



€] 0

My(t)=E (e‘x) = jetXf (x) o = J‘ e™ 2e7dx
0

0

Zje“’z]xdx

0
[e(m)x ® 2

l t-2 J . 2_ t,
Problem 6. Criticise the following statement: “The mean of a Poisson distribution is 5 while the
standard deviation is 4”.

Solution: For a Poisson distribution mean and variance are same. Hence this statement is
not true.

:2| t<2.

Problem 7. Comment the following: “The mean of a binomial distribution is 3 and variance is 4

Solution:
In binomial distribution, mean >variance but Variance < Mgan
Since Variance = 4 &Mean = 3, the given statement is wrong. ’\?e 1\\ / 1\\
Problem8. IfX andY are independent binomial variates B u& } and B \|7, }
7 7

find P[ X +Y =3]
Solution:

9

2

Problem 9. If X is uniformly distributed with Meanland Variance 4_, find P[X > O]
3

1
X +Y is also a binomial variate Y?h S)arameters n+n,=12& P= 5

1 3
-'-P[X +Y =3] =12C; —/‘

55

Solution:
If X is uniformly distributed over (a,b), then

E(X)=b+aandv (x)=(0-a)
2 12

.‘.b—+2a =l=a+h=2
B-af 4
=—=>[b—a]2=16
12 3

>a+b=2&b-a=4Weget b=3,a=-1
~a =-1& b = 3and probability density function of x is



(1

“i-1<x<3
f(x)=14

0 ;Otherwidc,e1
P[x<0]:J4—dx:4—[x]fl: —

Problem 10. State the memoryless property of geometric distribution.
Solution:
IfX has a geometrlc distribution, then for any two positive integer'm'and'n’

X>m+ry J—P[X>n]

Problem 11. X is a normal variate with mean = 30andS.D =5
Find the following P[26 < X < 40]

Solution:

X 1 N (3052)

~u=30&0 =5

Let Z = X— be the standard normal variate

P[26£X£4O]=P[MSZSM]

s 5 ]
=P[-08<Z<2] =P[-085Z<0]+P[0<Z<2]
=P[0sZ08]+[0<252]
=0.2881+0.4772 1: 0. 7§P3

Problem 12. If X isa N (2, 3)F|ndP| whereY +1= X.
-
Solution:
FJY> \=P[X—123\
LI T

= P[X225]=P[Z 2017]
=05-P[0<Z <017]
=0.5-0.0675 =10.4325
Problem 13. If the probability is Zthat a man will hit a target what is the chance that he

will hit the target for the first time in the 7" trial?
Solution:
The required probability is

P[FFFFFFS] = P (F) P(P P

3
=qp=|

F?P(F)P(F)P(F)P(S]

_)|= 0.0445 .

=



Hence p = Probability of hitting targetandq =1- p.
Problem 14. A random variable X has an exponential distribution defined by p.d.f.
f(x) =e™, 0<x<oco.Find the density function of Y =3X +5.
Solution: g & 1
y=3x+5= _y:3:> i: B
dx dy 3
Pdfofy h (y)="f (x)|dx
Y X dy

1
hY (y)="e"
3 lys)

Using X=yT_5 Wegethv(Y)=%64\3ﬁl/,y>5(ﬂ x>0=y>5)

Problem 15. If X is a normal variable with zero mean and variancec *, Find the p.d.f of y = e~
Solution:

Given Y =e*
(9= 1 F
n
JEE |
h (y):f (x) % _ 1 e 252('°9y) x" .
! © o dy] oo y
PART-B

Problem 16. A random variable X has the following probability function:
Values of X ,
X 01 2 3 4 5 6 7

P(X) : 0 K 2K 2K 3K K2 2K? 7K?+K
Find (i) K , (ii) Evaluate P(X <6),P(X 26)and P(0< X <5)
(iii). Determine the distribution function of X .
(iv). P(15< X <45 X >2)
(v). E(3x-4) Var(3x - 4)
Solution(i):
,
Since Y P(X) =1,
2P (X)
K+2K+2K +3K + K2 +2K?2 +7K?2 +K =1
10K2+9K—1=0
1
K= o K=-1
10 .
As P (X ) cannot be negative K = m

Solution(ii):



P(X <6)=P(X =0)+P(X =1)+..+P(X =5)
:1+2+2 3

1 + =
s, e
10 10 10 10 100 100
Now P(X 26)=1-P(X <6)
, 81 _ 19

100 100

NowP(0< X <5)=P(X =1)+P(X=2)+P(X =3) =P (X = 4)

=K+ 2K + 2K + 3K

=8K = 8 :4_

10 5
Solution(iii):
The distribution of X is given by Fy (x) defined by

Fx(x)zP(sz)

X 0 1 2 3 4 5 6 7
1 3 5 4 81 83

K 0 = — — - — —
10 10 10 5 100 100

{X;x=Lza45
Problem 17. (a) If p(x) = [E
0 ;elsewhere
Find (i) P{X =1or2} and (i) P{1/2< X <5/2/x>1}
(b) X is a continuous random variable with pdf given by

Kx in 0<x<?2
2K in 2<x<4
F(X)= )
|6K—Kx In 4<x<6
0 elsewhere
Find the value of K and also the cdf Fy (x) .

Solution:
@ i)P(X =lor2)=P(X =1)+P(X =2)

5
ii)P|\_<x<_/x>1\=
2

2 P(X >1)

_E“ X=1or2) n | X>1l}

B P(X >1)

/ %%%\((%é |
1 |




__P(x=2)
C1-P(X=1)
_ 2115 _2/15 _2 =
- (U1s) 14715 14 7

1

Sincel‘ (X)dxz1

2de+ [ kx)d
Kgr /+ 2X +6€(5kx =1
HK 4\ 2)‘
K| 2+ 8- 4+36-18-24+8] =1

1
8k =1 K=_
8

We know that F, (x) = '[ f(x) dx

-0

Ifx <0, then Fx (x)zj' f(x)dx=0

Ifx€(0,2) , then F, (x) = J'X f (x) dx
Fx (X) =_J;) f (x)dx+_[)f (x) dx
}L[Oix{!'dex: J'Ode+81]‘§<dx

=|\)1(—6}0=f—6,0sx32
Ifx€(2,4), then Fe (X) = Ixf(x)dx
Fx (%) =if (x)dx+ J':f (%) dx+J':f (x) dx
OJde+]dex + (JZZde \
=£§dx+f:43ux=| {;L) /| f_l)




>

SN[ X M|k

1
+_-=
2

o ]

,2<x<4

x-1
4

[N
(o]

2 4 X

Ifx€(4,6) , then F (x) = [ Od + [ Kxdhc+ [ 2Kdx+ [k (6~ x) dx
72X 041 x2 )
= |g I+ de+J§(6—x dx
x2 | x
= +|
46| |4
1 2
S L, S WY
4 2 8 16

_ 4+16-8+12x- x* -48+16

X

8 16

4
)+ 6X—X2
2

4

16
_ =x? +12x- 20

A4<x<6
16
0 2 4 6 =)
Ifx>6,then Fx (x) = { de+indx+[2de+[k(6— x)dx+[0dx
—00 0 2 4 6
=1,x26
0 ;x<0
XZ
— 0<x<2
16
Fo ()], (D) 25xs4
“L(20-12x+x2):4¢x¢6
16
U 1 X2 6
Problem](8. (). A random variable X has density function
K

| oo <X _ N _
f (x) = ]]I +x2' X% Determine K and the distribution functions. Evaluate the
|l o , Otherwise

probability P (x 2 0).
2X,0<x<1
A

(b). A random vdriable\X has the P.d.f f x]=[ .
Find (i) PQX ‘ 1;)) (i) pTl <x< 7) (iii)OP(?(thfrV\;I;i 7}
4 4

Solution (a):



Since J' F(x)dx =1

J 1+ x
« dx

m1+ NG -

-2
Fx (X) = jf(x)dx j—de

=I[[(tan X)L ﬂ\}

= tan-! x — -
R
1% dx 1—“2 - ﬁJ
(X 20) AJ.le n—(tan/) \‘

-tan-t0

Solution (b): \\

Aot Mﬁ

(i Pllx<
'%-;@!zkz; sl
(iii) P|<X > z/X>;_|_ Q P>(£1\>) Ty_ P{)(:f\j

9




3\ 1 ! (xz\l 9 7

P\X>4_\ [f(x]dx:JZde:Z\ J_ =1-_ =
3/4 3/4 1B/ 4 16 16
1| 1 1 X2 1 3
P|X>2_|/tj'f(x)dx:.[2xdx:2| ZKJ_) :1_Z:Z
1 1/2 1/2
Pl x> 21X >1j:1§:7164 "1

o

4 fKe-3X, x>0

Problem 19.(a).If X has the probability density function f ()= o oru
,otherwise

findK, P[0.5< X <1]and the mean of X .

(b).Find the moment generating function for the distribution whose p.d.f is
f (x) =1e”*, x > 0and hence find its mean and variance.

Solution:

Since If (x)dx =1

IKe-3de=1
x| °
e ]I -1
— Jo
Ko
3
K=3
1 1 g % — @15 [ -15 3
P05sX <1)= f[x]dx=3Je dx=P——5—=[e -e
0.5 5
Mean of x - E[x]=[xf[ )dx—3[xe-3xd
0 0
[ [—e-” e-3X§ 3x1 1
:3 Xk— —1‘ [ = —= —
3 9 /|, 9 3
HencethemeanofX=E(X)=E
3
Mx(t)=E (e‘x) = J‘etXf (x) dx = J‘ le™*e™dx
0
= AJ' e 0ol

0



| | 2
Variance:uz—[u) =" == =",
1 )\2 )\2 )\2

Problemj 20. (a).| If the continugus random variable X has ray Leigh density

_ o i
F(x)= aﬁe ;‘ U (x) find E(x ]nand deduce the values of E(X) and Var(X).
f
(b). Let the random variable X have the p.d.f f (x) = * x>0
ro , otherwise.

Find the moment generating function, mean & variance of X .
Solution:

(8)  Here U(x)= {; ii: )>(<<>Oo

- 2n/2an(Ltn/2e—\\tdt
E(x) =202 41— @)

Pé*ﬁij%ﬂﬂaiﬁ(fiﬁe 9\;&5?( ( 2/1\ )|

11



/1\) ®
et |
=i‘;\/%%/\aleﬂ| ‘ATl =1—12t if t<

| [ ‘1“1_ Tﬂ“

E(X)=[Edth[t]]J = 2 21 =2
e I

. . | =

E(X) |[?M (t)|Jto H(l—Zt Lo ’

var(X)=E(X2)- E(X)] =8-4=4.

Problem 21. (a).The elementary probability law of a continues random varlable is
f (x) = y eP8 a<x<oo, b>0wherea bandy are constants. Find y the r'™ moment

about point x = a and also find the mean and variance.
(b).The first four moments of a distribution about x = 4are 1,4,10 and 45 respectively.
Show that the mean is 5, variance is 3, p, = 0and p, = 26 .

Solution:
Since the total probability is unity,

I f(x)dx=1
Y, f e 0%dx =1

0

12



Yo =b.

0

K ( r" moment about the pointx =a)= [ (x-a)"f (x)dx

= b[[x —a)"e-b0-3dx

Putx-a=t, dx=dt,when x=at=0,x=00,t =0

o]

=bLt'e-b‘dt
r I
_pr+1)
b[r+1] bf
In particular r=%
b= _
b
r 2
LR
Mean=a+u' =a+
' b
[ [ 2
Variance = |, —[u ]1
2 1 1
P b

b)Givenu’ 1 ' =24,u'=40, I ’ =45
p'r = r'"moment about to value x=4
Here A=4

Here Mean= A+ = 4+1=5

| !2
Variance =y, = |, —(u )1
=4-1=3.
| (. (3
ha=| =3y uz+2(u) 1
3

=10-3(4)(1) +2(1) =0

i [ i 12 r4
ha= 74 g+ 6o (U)z —S(u) 1

13



= 45-4(10)(1) +6(4) (1) -3(1)"
u,=26.
Problem 22. (a). A continuous random variable X has the p.d.f

f( x) =ke<e™, x 2 0. Find the r'" moment of X about the origin. Hence find mean and
variance of X.

(b). Find the moment generating function of the random variable X, with probability
density function f (x) = 5 x {8{ ?fxxle,mso find ', p'.
1 2
(0 otherwise
Solution:

-1 Jo
2K=11
K="_.
2
L =fof (x)dx
=2 X e dx
2£ r+2 -x
_ ].J-00 oy )1y = M
2'0 2
3!
Puttingn =1,y =3_=3
1
n=2,u’=4_=12
Z 2
Mean= i =3

=3
(b) My (t) = I e" f (X)ax

= [ e*xdx + J'e‘x (2-x) dx
1

14



, t
= coeff . of _|=1
2 7

p =coeff. of 5,7 5"

x4

Problem 23. (a).The p.d.f of the r.v. X follows the probability law: f (x) = ie_‘r,
2

-oo < x< oo Find the m.g.fof X and alsofind E(X) and V (X).
(b).Find the moment generating function and r"™ moments for the distribution. Whose
p.dfis f (x) = Ke™, 0<x<oo. Find also standard deviation.

Solution:
M (t) =E (etx) = o e f (x) dx=« 1 o Tutle%dx
x | K
- _f 16" e+ [ L ejex__e) edx
_m—%ee ><t+11 9209 —Xr‘l‘t\l
()= (e e e bl
& "me/“l\ 2 &1 \‘\
B R |

15
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E(X) == coeff. of tin My (t) =8
2

; [
L= coeff. of 571 My (t) =

2
Var (X) = u;—[u')l =3°-07 = %%
b)
Total Probability=1

.'.[;e-xdx =1

r)e-x]m
|<‘_—J|0 =1
. 1°° ” el Dy
M (t)= E[e‘XU= ‘[etxe-xdx = l

X

t-1c | 1
i ] =~ <1

t-1 1-t
A=
=(1-t) =1+ t+ P 44t
u': t2_
1 coeff. of ;_ r
When r=1, y,=11=1

r=2,1721=2

Variance = u'z— i £2-1=1
-~ Standard deviation=1.
Problem 24. (a). Define Binomial distribution Obtain its m.g.f., mean and variance.
(b). (1).Six dice are thrown 729 times. How many times do you expect atleast 3 dice

show 5 or 6 ?

(ii).Six coins are tossed 6400 times. Using the Poisson distribution, what is the
approximate probability of getting six heads x times?
Solution:
a) A random variable X said to follow binomial distribution if it assumes only non
negative values and its  probability mass  function is given by
P(X =x) =nC, p*q"*, x=0,1,2,..,nand q =1- p.
M.G.F.of Binomial distribution:-

M.G.F of Binomial Distribution about origin is

M, (t) = E|e¥lj= in‘j“P(X = x)

— ch X qun_xetx

17



X

::Z nC, ( pe ) q

My () = (q+ pet)’
Mean of Binomial distribution
Mean = E(x) =My (0)
:ln[q+ pe')" pe'

|

t=0

=np Since g+ p=1

E(xq:M x (0) |
S T R (R
t=0
E(XZ) =n(n-1) p? +np
=n*p*+np(1- p) =n’p® + npq
Variance = E(Xz)—[E[X]I2 =npq
Mean = np ;Variance = npq
b) Let X :the number of times the dice shown 5 or 6
P[50r 6] =f+ =
1 6
~P="_and q= _
3 3
Heren=16

To evaluate the frequency of X =3
By Binomial theorem,

o | -
w| -

r 6-r

11(2
P[X=r]=6C/|=]| =| wherer=0,1,2..6.
3 3

o L
- 6C| {1} E) vec| |1 ZL) +6C,| H/| 32l+/6cs| . H
- 0.3196

~Expected number of times atleast 3 dies to show 5or 6= N x P [ X 2 3]

=729x0.3196 = 233.
25. (a). A die is cast until 6 appears what is the probability that it must cast more then
five times?
(b). Suppose that a trainee soldier shoots a target an independent fashion. If the

probability that the target is shot on any one shot is 0.8.

(i) What is the probability that the target would be hit on 6" attempt?

(if) What is the probability that it takes him less than 5 shots?
Solution:

18



Probability of getting six = E
“p= 1_& q:].—_l
6 6
Letx: No of throws for getting the number 6.By geometric distribution

P[X =x]=q'p,x=123..
Since 6 can be got either in first, second...... throws.
To find P[ X >5] =1-P[X/<5]
5 5 x-1 1

L) L sk sl

e

b) Herep=0.8,q=1-p=0.2
P[X=r]=q"'pr=012.

(i) The probability that the target would be hit on the 6" attempt = P[ X = 6]
= (0.2)"(0.8) = 0.00026
(ii) The probability that it takes him less than 5 shots= P[ X < 5]

4

_ 4 r-1 "
Zlq p= 0.82;1(0.2)
= 0.8[1+ 0.2 + 0.04 + 0.008] = 0.9984

Problem 26. (a). State and prove the memoryless property of exponential distribution.
(b). A component has an exponential time to failure distribution with mean of 10,000
hours.

1

(i). The component has already been in operation for its mean life. What is the
probability that it will fail by 15,000 hours?

(if). At 15,000 hours the component is still in operation. What is the probability
that it will operate for another 5000 hours.
Solution:
a) Statement:

If X is exponentially distributed with parameters A , then for any two positive

integers‘s’ and‘t’, P [X >s+t/x> S] =P [X > t]
Proof:
(ke—“, x20

ThepdfofXis ThEL T nermise
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SPX>U = [T
[ ]_[ e dx=|-e ]t:e

P[x>s+tnx>s]

.-.P[X >s+t/x>s]:

Fx>s]
_P[X>s+t] el
COP[X>s] s ©
=P[x>t]

b) Let X denote the time to failure of the component then X has exponential distribution
with Mean = 1000 hours.

211000000 L
A 10,000
1 e_tojéoo X2 0
The p.d.f. of X is f (x) = |10,000
( 0 ,otherwise

(1) Probability that the component will fail by 15,000 hours given it has already been in
operation for its mean life = P[x < 15,000/ x >10,000]

_ P[10,000 < X <15,000]
P[ X >10,000]

15,000
f(x) dx

_ 10,000
) -1

f (x)dx
10,000

_ 0.3679-0.2231

0.3679
(i) Probability that the component will operate for another 5000 hours given that

it is in operational 15,000 hours = P[ X > 20,000/ X >15,000]
= P[x >5000] [By memoryless prop]

=0.3936.

- UL f (x)dx = e®° = 0.6065
5000

27. (a). The Daily consumption of milk in a city in excess of 20,000 gallons is
1
10,000
The city has a daily stock of 30,000 gallons. What is the probability that the stock is in

sufficient on a particular day?

approximately distributed as a Gamma variate with parametersa = 2 and A=

20



O<X<w

. Determine the constantK and
LO ,otherwise

evaluate the probability that the life time exceeds 2 hours.

Solution:
a) Let X be the r.v denoting the daily consumption of milk (is gallons) in a city

ThenY = X - 20,000 has Gamma distribution with p.d.f.

F(y)-— i

(b). The lifetime (in hours) of a czrt(ain lpiece of equipment is a continuous r.v. having
xe=—™

range 0<x<oo and p.d.fisf (x)=

y2—le 710,000 Y2 0

(10,000)°1(2)

_ Yy
ye 10,000

(¥)= (10,000)?
~the daily stock of the city is 30,000 gallons, the required probability that the stock is
insufficient on a particular day is given by

P[X >30,000] = P[Y >10,000]

Y 20.

*® o iﬁ%o
—_— e )
= o= | 2
10,000 10,000 (10, OOO)
put Z = y thendz = d_y
10,000 10,000

0

«P[X>30,000] = [ zedz

1
= [—ze-Z —e?

b) Let X the life time of a certain piece of eq{(pment.

e *,0<x<®
Then the p.d.f. f f )= LO , Otherwise

TofindK,'[ f(x)dx=1
(‘)J' e xldx =1
M2 ik k-1
KZ
¢ % (Xe‘X,O<X<oo
B )( % lO , Otherwise
P[Life time exceeds 2 hours] = P[ X > 2]

=£f(x)dx

21



©

= J' xe~*dx

= [x(-e)- (e,
=2e?% +e?% =3¢ = 0.4060
Problem 28. (a). State and prove the additive property of normal distribution.
t2
(b). Prove that “For standard normal distribution N (0,1), Mx (t) =e?

a) Statement:
If X,X ,..., X are nindependent normal random variates with mean (u 0 2),
n 1 1

1
IL 0 2) (un,o nz) then X +X +.+X also a normal random variable with mean

n IJ.-,ZU ! y
=1 i=1
Proof:
We know that. My, .x (t) = Mx, (t)Mx, (t)..Mx_ (t)

to,?

t+ —— .
But M, (t)=e" 2 ,i=12..n
t% 2 26 2 2o 2
u1t+ L ot +
MX1+X X, (t) =€ e 2 .6 2

1[0 240 24,40 ﬁ]tz

(p HIL LA ]t+
1 2 n

=e 2

n
th

_ ez ult+

By/uniqueness }YIGF, X, + X, +...+ X, follows normal random variable with

parameter | Znui , Zo? . 2/

i=1 i=1
This proves the property.
b) Moment generating function of Normal distribution

=M, (t)=Ele*]] |
- )j' OOetx(LZ) u\)ﬂ
cﬂ_m
putz=x_uthen dz =odx, ~0<Z <0
0
(oz+n) i
M, (t)=i[el ' 24z
G P
gt 2 e
= [e“* dz
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) (tzz\\ o 2t?

1 T 2
a4 - (z-tr) 4 | uty 2 -"(z-to)
=_° J'eZJ 2/dz:ee J'e2 dz

Jor ', NV
S - (z-t0)
"1 the total area under normal curve is unity, we have J' e’ dz =1
2T _,

Ht+ g 22

Hence My (t) =e 2 -.For standard normal variable N (0,1)

"
My (t) = e?
Problem 29. (a). The average percentage of marks of candidates in an examination is 45
will a standard deviation of 10 the minimum for a pass is 50%.1f 1000 candidates appear
for the examination, how many can be expected marks. If it is required, that double that
number should pass, what should be the average percentage of marks?
(b). Given that Xis normally distribution with mean 10 and

probability P [ X > 12] = 0.1587 . What is the probability that X will fall in the
interval (9,11) .
Solution:
a) Let X be marks of the candidates
Then X 1 N (42,20?)

X - 42
Let z =24
et z 10

P[X>50]=P[z >08]
=05-P [0 <z< 0.8] =0.5-0.2881=0.2119
Since 1000 students write the test, nearly 212 students would pass the

examination.
If double that number should pass, then the no of passes should be 424.

We have to find zy, such that P[Z > z,] = 0.424
»P[0<z<2z]=05-0424=0.076
From t%bles z=0.19
- " =>x=50-10z =50-19=48.1
1 10 1 1
The average mark should be 48 nearly.
b) Given X is normally distributed with mean p = 10.

X- .
Let Z= " be the standard normal variate.
0

For X =12,Z=12_10=>2=3
0 0
2
Put Z =
o

Then P[X >12] = 0.1587

23



P[Z > Z,] =0.1587
205-p[0<z<z]=01587
= P[O << Zl] =0.3413

From area table P[0 < z <1] = 0.3413

2
Z1 =1= 0_:1

To find P[9< x<11]

For X =9, z:—iandx =11, z:i
2 2

~P[9< X <11] =P[-05<2<0.5] =2P[0<z<0.5] =2x0.1915 = 0.3830

Problem. (a). In a normal distribution,31 % of the items are under 45 and 8% are over
64.Find the mean and standard deviation of the distribution.

(b). For a certain distribution the first moment about 10 is 40 and that the 4™ moment
about 50 is 48, what are the parameters of the distribution.
Solution:
a) Let u be the mean ando be the standard deviation.

Then P[X <45] =031 and P[X 264]=0.08

WhenX =45, z = PR _

1

o

21

=~ z11s the value of z corresponding to the area jq) (z)dz =0.19

27, = 0.495
45 - 1 = ~0.4950 ---21)
When X =64,z = 4% _;
2
0

22

=~ Z,1s the value of z corresponding to the area [[(p (z)dz =042

~2; =1.405
64-p =1.4050 ---(2)
Solving (1) & (2) We get p =10 (approx) & o =50 (approx)
b) Let p be meanand o> the variance then u'1= 40 about A=10
~Mean A+ =10 + 40 10+40
=>u=50
Also p =48=30'=48=0%=4
=~ The parameters are Mean=p =50and S.D=0 =2.
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